arXiV:math/0512646V8 [math.GR] 25 Dec 2007 


COCYCLE AND ORBIT EQUIVALENCE SUPERRIGIDITY 
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Abstract. We prove that if a countable discrete group F is w-rigid, i.e. it contains an 
infinite normal subgroup H with the relative property (T) (e.g. F = S'L(2,Z) X Z^, or 
F = if X H' with H an infinite Kazhdan group and H' arbitrary), and V is a closed 
subgroup of the group of unitaries of a finite separable von Neumann algebra (e.g. V 
countable discrete, or separable compact), then any V-valued measurable cocycle for a 
measure preserving action F o AT of F on a probability space (AT, /r) which is weak mixing 
on H and s-malleable (e.g. the Bernoulli action F ta [0,1]'") is cohomologous to a group 
morphism of F into V. We use the case V discrete of this result to prove that if in addition 
F has no non-trivial finite normal subgroups then any orbit equivalence between F rA. A 
and a free ergodic measure preserving action of a countable group A is implemented by 
a conjugacy of the actions, with respect to some group isomorphism F ~ A. 


0. Introduction 

There has recently been increasing interest in the stndy of measnre preserving ac¬ 
tions of gronps on probability measnre spaces np to orbit equivalence {OE), i.e. np to 
isomorphisms of probability spaces taking the orbits of one action onto the orbits of the 
other. While the early years of this snbject concentrated on the amenable case, cnlmi- 
nating with the striking result that all ergodic m.p. actions of all countable amenable 
groups are undistinguishable under orbit equivalence ([Dy], [OW], [CFW]), the focus is 
now on proving OE rigidity results showing that, for special classes of (non-amenable) 
group actions, OE of T rN A, A rv Y is sufficient to insure isomorphism of groups 
r ~ A, or even conjugacy of the actions. Ideally, one seeks to prove this under certain 
conditions on the “source” group-action T rv A but no condition at all (or very little) 
on the “target” action A rv- Y, a type of result labeled OE superrigidity. 
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The first OE rigidity phenomena were discovered by Zimmer, who nsed his cele¬ 
brated cocycle snperrigidity theorem to prove that any free ergodic m.p. actions of 
the gronps SL(n, Z), n = 2,3,..., are orbit ineqnivalent for different n’s ([Zl,2]). A 
parallel discovery in von Nenmann algebra theory, dne to Connes ([C3]), showed that 
III factors from gronps with property (T) of Kazhdan have rigid symmetry strnctnre. 
Ideas from ([C3], [Z2]) were nsed to prodnce more OE rigidity resnlts in ([Ge], [GeGo], 
[P8], etc), while rigidity aspects of free and Gromov’s word-hyperbolic gronps began 
to emerge in ([Al,2]). An important development came with the remarkable work of 
Gaborian on cost and £^-cohomology invariants for OE relations, showing in particnlar 
that free m.p. actions of the free gronps are OE ineqnivalent, for different n > 1 
([Gl,2]). At the same time OE snperrigidity phenomena started to nnveil in the work 
of Fnrman who proved the striking resnlt that, more than jnst being rigid, actions of 
higher rank lattices snch as SL(n, Z) r\ T"^, for n > 3 odd, are in fact OE superrigid, 
i.e. any orbit eqnivalence between snch an action and an arbitrary free m.p. action 
of a discrete gronp A comes from a conjngacy ([Fnl,2]). A startling new set of OE 
rigidity resnlts was then established by Monod and Shalom, for donbly ergodic actions 
of prodncts of word-hyperbolic gronps ([MoSl,2]). The latest in this line is a resnlt in 
([P3]), showing that if P is an inhnite conjngacy class (IGG) Kazhdan gronp then any 
s-malleable mixing action P r\ {X, fx) (snch as the Bernonlli action P [0,1]^) is OE 
snperrigid. Unlike previons OE rigidity resnlts, which are all obtained in a measnre 
theoretic framework (albeit each nsing different techniqnes), in ([P3]) this is a conse- 
qnence of a “pnrely” von Nenmann algebra rigidity resnlt, in which the conjngacy class 
of P rv. X is recovered from the group measure space von Nenmann algebra L°^X xi P, 
which apriori contains less information than the OE class of the action (cf [GJ]). 

We prove in this paper an OE snperrigidity resnlt covering a mnch larger family 
of s-malleable actions P rv W than in ([P3]), with P merely reqnired to contain an 
inhnite normal snbgronp with the relative property (T) (i.e. P is w-rigid) and the 
action assnmed weak (rather than strong) mixing. We in fact prove a stronger form 
of OE snperrigidity for the actions P rx. W, showing that if A rx. T is an arbitrary 
free m.p. action and A : W ~ T is an isomorphism of probability spaces taking each 
P-orbit into a A-orbit (not necessarily onto), then there exists a snbgronp Aq C A snch 
that the P and Aq actions are conjngate, i.e. a snitable pertnrbation Aq of A by an 
antomorphism in the fnll gronp of A satishes AqPAq ^ = Aq. 

The main resnlt of this paper thongh is a cocycle superrigidity resnlt for the actions 
P rx. A, from which the OE snperrigidity is jnst a conseqnence. Thns, we show that 
any measnrable cocycle for P rx. A with valnes in an arbitrary discrete gronp A is 
eqnivalent to a gronp morphism of P into A. This resnlt provides the hrst examples 
of cocycle superrigid gronp actions, i.e. actions having ALL cocycles with valnes into 
ANY discrete gronp cohomologons to gronp morphisms. The proof is very similar to 
(4.2 in [PI]), which served as a model for ([P2,3], [PSa]) as well. We nse a von Nen- 
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mann algebra framework, as this is particularly suitable for the “deformation/rigidity” 
arguments involved. In fact, this setting allows us to prove that given any closed sub¬ 
group V of the unitary group of a hnite von Neumann algebra, all V-valued cocycles for 
r rv X can be untwisted. We use the same framework to show that if a group action 
is cocycle superrigid then it is OE superrigid. Partial cases of this general “principle” 
have been known for some time (see 4.2.9, 4.2.11 in [Z2], 3.3 in [Fu2], 2.4 in [Fu3]). 

By using cocycles to study orbit equivalence of actions, we adopt in this paper an 
approach pioneered by Zimmer in the late 70’s and which has been used, in one form 
or another, in many OE rigidity results obtained so far ([Z2], [Ge], [GeGo], [Ful,2,3], 
[MoSl,2]). The past effectiveness of this method strongly motivated us to seek a suit¬ 
able cocycle superrigidity result behind the OE superrigidity phenomena for malleable 
actions found in [P3]. In this respect, cocycle superrigidity with discrete targets is 
best suited for OE rigidity applications. In fact, as explained above, it can be viewed 
as a direct generalization (and strengthening) of OE superrigidity. Zimmer’s cocycle 
superrigidity ([Z2]), in turn, is for linear algebraic groups as targets, thus extending 
Margulis’ superrigidity but making it non-trivial to apply towards OE superrigidity. 
It was only after developing a series of new techniques that Furman could take full 
advantage of it to prove OE superrigidity of higher rank lattices ([Ful,2,3]). 

To state in more details the results in this paper, we need to recall some dehnitions 
and terminology (also used in [P2,3,4]). Thus, an inclusion of groups H C T has the 
relative property (T) of Kazhdan-Margulis ([M], [K]) if any unitary representation of 
P that almost contains the trivial representation of P must contain the trivial repre¬ 
sentation of H. We also call such H a rigid subgroup of P. We’ll consider two “weak 
normality” conditions for inhnite subgroups H G T. Thus, H is w-normal (resp. wq- 
normal) in P if there exists a sequence of consecutive normal inclusions Hi C 
(resp. with generated by elements g GT with \gHig~^ r\Hi\ = cx)) reaching from 
H toT (see 5.1 for the precise dehnitions). Inhnite property (T) groups and the groups 
Po K with Po C SL{2, Z) non-amenable have inhnite normal rigid subgroups by ([K], 
[B]), and so are groups of the form Pq >< Z"^, with Pq arithmetic lattice in a classical Lie 
group and suitable n ([Va], [Fe]). If iL C P is wq-normal rigid then iLc(r*ro)xri 
is wq-normal rigid, VPi inhnite. Both properties are closed to normal extensions. 

Roughly, an action P rx'^ X is s-malleable if the hip automorphism on W x W is 
in the connected component of the identity in the centralizer of the double action 
Og X ag^g G P (an additional “symmetry” requirement is in fact needed, see 4.3 for 
the exact dehnition). A typical example of s-malleable action is the Bernoulli T-action 
on = ng£r (-^07 A^o)g 7 with (Wo,//o)g identical copies of a standard probability 

space (Wo,/Uo), given by ag{{th)h) = itg-ih)h, ith)h G X. More generally, if P acts 
on a countable set K and {X,fi) = HkeKi^o, fJ'o)k with P acting on (tk)k G W by 
(Jg{{tk)k) = (tg-ifc)fc, then cr is called a generalized Bernoulli V-action and it is still s- 
malleable. Note that Bernoulli actions are always (strongly) mixing, while a generalized 
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Bernoulli action is weak mixing iff |r/c| = cx),V/c. 

If cr is a F-action on (X, fi) and V a Polish group, then a (right) V-valued measurable 
cocycle for a is a measurable map re : X x F — V satisfying for each gi, g2 G F the 
identity w{t, gi)w{gi^t, g2) = w{t,gig2), 'it & X (a.e.). (N.B. All results below hold 
true, of course, for left cocycles as well. We choose to work with right measurable 
cocycles in this paper because in the von Neumann algebra framework, which is used 
for the proofs, they become left cocycles.) Two cocycles w^w' for a are cohomologous 
(or equivalent) if there exists a measurable map u : X ^ V such that for each g eT one 
ha,s w'{t, g) = u{t)~^w{t, g)u{g~H),it G X (a.e.). Note that a cocycle rc is independent 
of the X variable iff it is a group morphism of F into V. 

A Polish group V is of finite type if it is isomorphic to a closed subgroup of the 
group of unitary elements U{N) of a countably generated hnite von Neumann algebra 

N , equivalently a von Neumann algebra N having a faithful normal trace state r such 

that N is separable in the Hilbert norm X E N. Countable discrete 

groups and separable compact groups are of hnite type, as they can be embedded as 
closed subgroups of their group von Neumann algebra ([MvNl,2]). However, the only 
connected locally compact groups of hnite type are the groups V = K x V with K 
compact and V ~ R"" a vector group (cf. [KaSi], [vNS]). 

O. 1. Theorem (Cocycle superrigidity). Let F X be a s-malleable action 
(e.g. a generalized Bernoulli V-action) and assume F has an infinite rigid subgroup H 
such that either H is wq-normal with a mixing, or that H is w-normal with weak 
mixing. Let V be a Polish group of finite type. Then any V-valued cocycle for a is 
cohomologous to a group morphism o/F into V. More generally, if a' is an action of 
the form cr'g = CTg x pg E Aut(W x Y, p x u), g E T, where p is an arbitrary T-action on 
a standard probability space {Y, u), then any V-valued cocycle w for a' is cohomologous 
to a V-valued cocycle w' which is independent on the X-variable (i.e. w' comes from a 
cocycle of p). 

0.2. Corollary. Let V be a discrete group having infinite wq-normal rigid subgroups 
and V a Polish group of finite type. Then any V-valued cocycle for a Bernoulli V-action 
is cohomologous to a group morphism o/F into V. 

For the next result we denote by TZg the equivalence relation given by the orbits of 
a m.p. action A T of a countable group A on a probability space {Y,iy). More 
generally, if Yq C T is a subset of positive measure then denotes the equivalence 
relation on Yq given by the intersection of the orbits of 9 and the set Yq. If 0 is free 
ergodic then this is easily seen to only depend on p(Yo) ([Dy]), up to isomorphism of 
equivalence relations, i.e. up to isomorphism of probability spaces taking the orbits 
of one relation onto the orbits of the other (a.e.). As a consequence, it follows that 
if t > 0 and we take m > t, 9 the product action of A = A x Z/mZ on the product 
probability space Y = Y x Z/mZ and Yq C T a subset of (product) measure t/m, then 
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the isomorphism class of only depends on t, not on the choice of m and Yq C Y . 
We call it the amplification of Tig by t and denote it TZ^. 

Unlike Theorem 0.1, where the T-action a doesn’t need to be free, in the OE rigidity 
resnlts below we have to assnme freeness. If a is a generalized Bernonlli action coming 
from an action of T on a set K as before, then the condition \{k & K \ gk k}\ = oo, 
V (7 G r \ {e}, insnres that a is free. 

0.3. Theorem (OE superrigidity). Let T X be as in 0.1. and assume in 
addition that T has no nontrivial finite normal subgroups and a is free. Let 6 be an 
arbitrary free ergodic measure preserving action of a countable discrete group K on a 
standard probability space (T, z/). If A is an isomorphism of probability spaces which 
takes Tl(j onto Tig, for some t > 0, then n = t~^ is an integer and there exist a subgroup 
Ao C A of index [A : Aq] = n, a subset Yq C Y of measure n(Yo) = 1/n fixed by O^^q, 
an inner automorphism a G Inn(7^e) and a group isomorphism h : T ~ Aq such that 
ao A takes X onto Yq and conjugates the actions a, Oq o S, where 9o denotes the action 
of Aq on Yq implemented by 6. 

If moreover T is infinite conjugacy class then any quotient ofV X is OE super- 
rigid, i.e. any OE of a and an arbitrary free action A r\Y comes from a conjugacy. 

0.4. Theorem (Superrigidity of embeddings). Let r X be as in 0.1, A Y 

an arbitrary free ergodic action and t > 0. 

If A : {X,g) ~ (Y,uY is an identification of Tla with a subequivalence relation of 
Tig such that any V-invariant finite subequivalence relation of Tig must be contained in 
Tier, then t <1 and there exists an isomorphism 5 : T ~ Aq C A and a G Inn(7^e) such 
that ao A takes X onto a AQ-invariant subset Yq C Y , with z^(Yo) = t, and conjugates 
the actions a, 6*|Ao with respect to the identification h : T ~ Aq. 

An interesting application of 0.4 is as follows: Let //q be a probability measnre on 
{0,1} with nneqnal weights, i.e. s — /Uo({0})//Uo({l}) Y l^t {X,g) = ({0,1},/Uq)'" 
and denote by Tl the conntable eqnivalence relation on X generated by the Bernonlli 
T-action and the relation TZq given by {tg)g ~ if 3E C T hnite snch that tg = 

t'g,'^9 ^ r \ F, Iig(^Fhoitg) = ^geFhoit'g)- If T is w-rigid and has no hnite normal 
snbgronps then iXiTl) D (see [P2]; eqnality is in fact shown for certain T, snch as 
r = SL{2, Z) K ifi) and it is easy to see that any hnite snbeqnivalence relation of Tl 
invariant to the action of T onTl given by g{t, t') = {gt, gt') mnst be contained in TIy. 
Thns, by 0.4 it follows that IV' cannot be implemented by a free action of a gronp, 
Vt > 0. The hrst example of an eqnivalence relation with the property that all its 
amplihcations are not implementable by free gronp actions was obtained in ([Fn2]). 

The ideas behind the proofs of 0.1-0.4 (notably the deformation/rigidity argnments 
nsed in 0.1) are qnintessentially “von Nenmann algebra” in spirit. This made ns favor a 
von Nenmann algebra framework for the presentation, rather than a measnre theoretical 
one. The two points of view are in fact eqnivalent, dne to a well known observation 



6 


SORIN POPA 


showing that if r X, A y are free m.p. actions then an isomorphism of 
probability spaces A : X ~ y gives an OE of cr, 6 if and only if, when regarded as 
an algebra isomorphism A : L°°X ~ L°°Y, A extends to an isomorphism of the von 
Nenmann algebras L°°X xi E ~ L°°Y xi A (cf. [Si], [Dyl,2], [FM]). 

We summarize in Section 1 the tools from the theory of von Neumann algebras that 
we need in this paper, for convenience. In Section 2 we introduce the class of Polish 
groups of hnite type and explain how measurable cocycles with values in such groups 
can be viewed as cocycles for actions on von Neumann algebras. Also, we discuss 
a relative weak mixing condition for actions on von Neumann algebras considered in 
([P2]), which generalizes a concept introduced in the measure theoretic context by 
Furstenberg ([F]) and Zimmer ([Z3]) in the 1970’s. It plays an important role in this 
paper. We show for instance that if P A is a quotient of a cocycle superrigid action 
P X' and the latter is weak mixing relative to the former, then P rv A is cocycle 
superrigid as well. In Section 3 we prove a key criterion for “untwisting” cocycles with 
values in the unitary group of a hnite von Neumann algebra A, extracted from proofs 
in ([Pl,2]). It shows that a W(A)-valued cocycle w for a weak mixing action P rv A is 
equivalent to a group morphism of P into IA{N) iff the cocycles w^{t, s, g) — w{t, g) and 
w^{t, s,g) = w{s,g) for the double action ag x ag are equivalent. A similar statement 
holds true for arbitrary (non-commutative) hnite von Neumann algebras. We also 
prove a hereditary result for weak mixing actions showing that in order to untwist a 
V-valued cocycle, for some Polish group V of hnite type, it is sufficient to untwist it as 
a cocycle with values in a larger Polish group of hnite type. 

In Section 4 we recall from ([Pl-4]) the notion of s-malleable action and the proof 
that (generalized) Bernoulli actions have this property, then use a deformation/rigidity 
argument from ([Pl,2]) to show that if a group P contains a large rigid part then any 
s-malleable P-action satishes the criterion for untwisting cocycles from Section 3. In 
Section 5 we derive the cocycle superrigidity of s-malleable (e.g. Bernoulli) actions 
with values in Polish groups of hnite type. We then prove a general principle showing 
that if P rv A, A rv A have the same orbits, w denotes the associated cocycle and 

V : X ^ A implements an equivalence of w with a group morphism 5 : P —A, then 

V gives rise to an automorphism a with graph in TZcr = TZe which conjugates a and 
9od. In particular, this shows that cocycle superrigidity implies OE superrigidity, thus 
yielding the OE applications. Another general principle we prove is that any quotient 
of a cocycle superrigid weak mixing action of an ICC group is OE superrigid. 

A hrst account with proofs of the results in this paper has been presented in the 
Seminaire d’Algebres d’Operateurs in Paris, Sept. 2005. It is a pleasure for me to 
thank Stefaan Vaes and the members of the seminar for their stimulating comments. 
I am also very grateful to Alex Furman and Stefaan Vaes for many useful discussions 
and remarks on the preliminary version of the paper ( |math.GR/0512646|) . Last but not 
least I would like to thank the referee for a very careful reading and useful suggestions. 
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1. Preliminaries 

Although we are interested in actions of groups on the probability space, our ap¬ 
proach will be functional analytical, using von Neumann algebra framework. This sec¬ 
tion is intended for readers who are less familiar with this field. Thus, we’ll summarize 
here some basic tools in von Neumann algebras such as: the standard representation 
of a finite von Neumann algebra with a trace; the crossed product (resp. the group 
measure space) construction of a von Neumann algebra starting from an action of a 
discrete group on a finite von Neumann algebra (resp. on a probability space); orbit 
equivalence of actions as isomorphisms of group measure space von Neumann algebras; 
von Neumann subalgebras and the basic construction. Some knowledge in functional 
analysis and the spectral theorem should be sufficient to recover the omitted proofs. 

1.1. Probability spaces as abelian von Nenmann algebras. The “classical” mea¬ 
sure theoretical approach is equivalent to a “non-classical” operator algebra approach 
due to a well known observation of von Neumann, showing that measure preserving 
isomorphisms between standard probability spaces (X,//), (T, u) are in natural corre¬ 
spondence with *-algebra isomorphisms between their function algebras L°°Y 

preserving the functional given by the integral, = / -d/U, = f -du. More generally: 

(1.1.1). Let A : {X,n) be a measurable map with u o A = fi. Then A* : 

L°°Y L°°X defined by A*{x){t) — x{At),t G X, is an injective *-algebra morphism 
satisfying o A* = Conversely, if (A, ^u), (T, n) are probability spaces and p : 
L°^Y L°°X is an injective ^-algebra morphism such that o p = then there 
exists a measurable map A : X ^ Y such that p = A*. Moreover, A is unique and 
onto, modulo a set of measure 0, and the correspondence A i—> A* is “contravariant” 
functorial, i.e. (A o A')* = A'* o A*. Also, A is a.e. 1 to 1 if and only if A* is onto 
and if this is the case then A“^ is also measurable and measure preserving. 

There are two norms on L°°X that are relevant for us in this paper, namely the 
ess-sup norm || ■ || = || ■ ||oo and the norm || ■ || 2 . Note that the unit ball (L“A)i 
of L°°X (in the norm || ■ ||) is complete in the norm || ■ || 2 . We will often identify 
L°°X with the von Neumann algebra of (left) multiplication operators L^^x G L°°X, 
where — x^, ^ G L^X. The identification a: h-> is a *-algebra morphism, it is 

isometric (from L°°X with the ess-sup norm into B{L'^X) with the operatorial norm) 
and takes the || ■ || 2 -toplogy of (L°°A)i onto the strong operator topology on the image. 
Also, the integral t^{x) becomes the vector state (L 2 ;(l),l), x G L°°X. Moreover, if 
A : {X, p) ~ (y, n) for some other probability space (Y, n), then p = A“^* extends to 
an (isometric) isomorphism of Hilbert spaces L^X ~ LF'Y which conjugates the von 
Neumann algebras L°°X C B{L‘^X), L°°Y C B{L‘^Y) onto each other. 

With this in mind, let us denote by Aut(A,//) the group of (classes modulo null 
sets of) measure preserving automorphisms T : (A, p) ~ (A, p) of the standard prob¬ 
ability space {X,p). Denote Aut(L°°A, r^) the group of *-automorphisms of the von 
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Neumann algebra L°°X that preserve the functional r^, and identify Aut(X, |u) and 
Aut(L°°X, T^) via the map T (T“^)*. One immediate beneht of the functional anal¬ 
ysis framework and of this identihcation is that it gives a natural Polish group topology 
on Aut(X, |u), given by pointwise || ■ || 2 -convergence in Aut(L“X, r^), i.e. > i? in 
Aut(L°°X, T^) if lim^ ||'t?n(ic) — 'd(a :)||2 = 0, Vx G L°°X. 

An action of a discrete group P on the standard probability space (X, n) is a 
group morphism cr : P —Aut(X, |U). Using the identihcation between Aut(X, |U) 
and Aut(L°“X, T^), we alternatively view a as an action of P on r^), i.e as a 

group morphism cr : P ^ Aut(L“X, r^). Although we use the same notation for both 
actions, the difference will be clear from the context. Furthermore, when viewing a as 
an action on the probability space {X, fx), we’ll use the simplihed notation agit) = gt^ 
for G r,t G X. The relation between a as an action on {X^g) and respectively on 
(L°°X, Tg) is then given by the equations ag{x){t) — x{g~^i)^ 'it & X (a.e.), which hold 
true for each G P, a: G L°^X. 

The action a is free if for any G P, (7 7^ e, the set {t & X \ gt = t} has /U-measure 
0. The action is ergodic if Xq C X measurable with gX^ = Xq (a.e.) for all (7 G P, 
implies Xq = X or Xq = 0 (a.e.), in other words //(Xq) = 0,1. 

1.2. Finite von Nenmann algebras. When viewed as an abelian von Neumann 
algebra with its integral functional, the natural generalization of a probability space is 
a von Neumann algebra N with a linear functional r : N ^ C satisfying the conditions: 
t{x'*x) > O^ix G N and t(1) = 1 (r is a state); r(x*x) = 0 iff a: = 0 (r is faithful); 
the unit ball (A^)i = {x G B \ ||a:|| < 1} of is complete in the Hilbert norm 
||a:||2 = t{x*x)^/‘^ (t is normal); T{xy) — T{yx),ix,y G (r is a trace). Such (A^, r) is 
called a finite von Neumann algebra (with its trace r). We say that {N, r) is separable if 
it is separable in the Hilbert norm ||a:||2 = t{x*x)^/‘^j X E N. The trace r on a hnite von 
Neumann algebra N is in general not unique, but there does exist a unique expectation 
of N onto its center Z{N), denoted CBn and called the central trace on N, with the 
property that Ctr^^xy) = CtrN{yx),ix,y G N ([D2]). Any (faithful normal) trace r 
on N is the composition of Ctr^ with a (faithful normal) state on Z{N). In particular, 
if A^ is a factor, i.e. Z{N) = C, then N has a unique trace state r = CBn, which is 
automatically normal and faithful. 

If A^ is a hnite von Neumann algebra and p, q are (selfadjoint) projections in N 
then p -< q (resp. p ~ g) in N, i.e. there exists a partial isometry v E N with 
vv* = p,v*v < q (resp. vv* = p,v*v = q), if and only if CtrNip) < CtrN^q) (resp 
CtrN{p) = CtrNiq))- In particular, if 1 ~ g for some projection q in N then q = 1. 
By a celebrated theorem of Murray and von Neumann ([MvNl]), this purely algebraic 
condition is sufRcient to ensure that N has a central trace, and thus a faithful normal 
trace state as well. 

The representation of L°°X as an algebra of left multiplication operators on L^X 
generalizes to the non-commutative setting of hnite von Neumann algebras {N, r) as 
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follows: Denote by L'^N = LF‘{N,t) the completion of N in the norm || ■ II 2 . Then each 
element x E N dehnes an operator of left mnltiplication on L‘^N, by 
^ G L'^N. The map N 3 x ^ E B{LF‘X) is clearly a *-algebra morphism. Dne to 
the faithfnlness of r, it preserves the operatorial norm on N, with the normality of r 
insnring that the image Ln = {L^ \ x E N} is weakly closed in i.e. Ln is a 

von Nenmann algebra. It can be easily shown that the commntant of L^v in B{LF‘N) 
is eqnal to the algebra Rn oi operators of right mnltiplication by elements in N^ and 
conversely = L^. Also, by the dehnition, we have (xl, 1) = t{x). We will always 
identify N with its image C B{L‘^N) and call this the standard representation of 
(7V,r). 

Note that if {N, r) = (L°^X, r^) then r) coincides with the Hilbert space L^X 

of sqnare integrable fnnctions on [X, p). In this case ^ G L^X can be viewed as the 
closed (densely dehned) operator of (left) mnltiplication by whose spectral resolntion 
lies in L°°X. 

When (N, r) is an arbitrary hnite von Nenmann algebra one can still interpret the 
elements in L'^N as closed linear operators on L'^N, as follows: For each ^ G L'^N 
let L® be the linear operator with domain N (regarded as a vector snbspace of LF'N) 
dehned by L^{x) = ^x, x E N. This operator extends to a nniqne closed operator 
which commntes with R^, eqnivalently its polar decomposition = u\L^\ has both 
the partial isometry u and the spectral resolntion {es}s>o of |Ld = (L|L 5 )V 2 lying 
in N. Closed operators satisfying this property are said to be ajfiliated with N. In 

addition, is square integrable^ i.e. = J s^dT(es) = ||L^( 1)||2 = H^Hl < 00 . 

Noticing that T^(l) = it follows that ^ h-> gives a 1 to 1 correspondence between 
LP'N and the space of sqnare integrable operators afhliated with N. We will always 
view elements of R^N in this manner. 

If ^,?7 G R^N then their prodnct (composition) as closed operators ^ ■ ry is also a 
densely dehned operator affiliated with N, i.e. it is of the form uh with u partial 
isometry in N and b = \^r]\ a positive operator with spectral resolntion {es}s>o in N 

and t(6) J sdT(es) < 00 . We denote by L^N the set of all snch operators, which is 
easily seen to be a Banach space when endowed with the norm 11^6111 = t(6). Also, it 
has L‘^N D N as dense snbspaces. Any C = R V* ^ dehnes a fnnctional on 

M by t{xC,) {xRrj)j x E M, which is positive ih > 0 as an operator. The norm 
of C as a fnnctional on M coincides with ||(C||i and in fact, as a space of fnnctionals on 
M, RM is the prednal of M, i.e. (L^M)* = M. 

1.3. Actions of groups and crossed product algebras. Like in the commntative 
case, we denote by Ant(A, r) the gronp of antomorphisms of the hnite von Nenmann 
algebra {N,r) (i.e. the r-preserving *-algebra isomorphisms of N onto N), and endow 
it with the Polish gronp topology given by point-wise || ■ || 2 -convergence. Note that any 
I? G Ant(A, r) preserves the Hilbert norm 11-112 and thns extends to a nnitary operator 
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on LF'N which, if no confnsion is possible, will still be denoted d. 

Given a discrete gronp F, an action a of F on {N, r) is a gronp morphism a : F —> 
Ant(A^, r). Since any cjg extends to a nnitary operator on L‘^N^ a extends to a nnitary 
representation of F on the Hilbert space LP'N, still denoted a. 

We nse the (rather standard) notation to designate the fixed point algebra of the 
action, = {x E N \ ag{x) — x^^g E T}. 

A key tool in the stndy of actions is the crossed product construction, which as¬ 
sociates to (cr, F) the von Nenmann algebra iV X(j F generated on the Hilbert space 
7i = L‘^N®P{V) by a copy of the algebra N, acting on 7F by left mnltiplication on 
L'^N, and a copy of the gronp F, acting on 7F as the operators Ug — ag ® \g, where 
(7 G F, is viewed here as nnitary representation. In fact, {ug}g is easily seen to be a 
mnltiple of left regnlar representation. In case {N, r) = {L°°X, p) with a coming from 
an action of F on {X,p), this amonnts to Mnrray-von Nenmann’s group measure space 
construction ([MvNl]). 

The following more concrete description of M = N and its standard representa¬ 
tion is qnite nsefnl: Identify 7F = ^^(F, LP'N) with the Hilbert space of £^-snmmable for¬ 
mal snms Tig^gUg, with “coefficients” ^g in L‘^N and “indeterminates” {ug}g labeled by 
the elements of the gronp F. Dehne a *-operation on Ti by (Tig^gUg)* = EgCrg(^*_i)'Ug 
and let both N and the Ug's act on Ti by left mnltiplication, snbject to the prodnct 
rnles y{^Ug) = {yC)Ug, Ug{^Uh) = ag{C)ugh,'^g,h E G, y E N, ^ E Lfi'N. In fact, 
given any ^ = Tig^gUg, ( = TihQhUh E Ti one can dehne the prodnct ^ ■ C as the formal 
snm 'Ek'rjkUk with coefhcients rjk = '^gCgCg-^ki the snm being absolntely convergent in 
the norm || ■ ||i, with estimates ||? 7 a:||i < H^lbllClb, V/c G F, by the Canchy-Schwartz 
ineqnality. 

^ G 7F is a convolver if ^ ^ (i-e- with the above notations rjk G L‘^N and 
Sfc||? 7 fc||| < cxd) for all ( eH. M is then the algebra of all left mnltiplication operators 
( I—> by convolvers Its commntant in i3(7F) is the algebra of all right mnltiplication 
operators C by convolvers If T G M then ^ = T(l) G 7F is a convolver and T is 
the operator of left mnltiplication by with T* corresponding to the left mnltiplication 
by ^*. The left mnltiplication by convolvers snpported on = Nue gives rise to 
a mnltiple of the standard representation of N, while the left mnltiplication by the 
convolvers {ug}g gives rise to a mnltiple of the left regnlar representation of F. The 
trace r on extends to all A^ G by riTigygUg) = Tigje) = (^, 1) = (^ ■ 1,1), where 
^ = TigygUg. The Hilbert space 7F natnrally identihes with L'^M, while its snbspace 
M E L‘^M identihes with the set of convolvers and the standard representation of M 
with the algebra of left mnltiplication by convolvers. 

In case N = L°°X and a comes from an m.p. action F r\ {X,p), the condition a 
free is eqnivalent to L°°X being maximal abelian in M = L°°X x F, i.e. if a: G M, 
[x, L°°X] = 0 then x E L°°X . If a is free, then M is a factor if and only if a is ergodic. 
If a is free and ergodic (eqnivalently L°°X maximal abelian in M and M is a factor) 
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then there are two possibilities: F inhnite, in which case M is a IIi factor; |r| = n < cx), 
in which case M = Mnxn{C.) with the snbalgebra L°°X C Mnxn{C.) corresponding to 
a diagonal snbalgebra of Mnxn{C). 

1.4. Isomorphism of algebras from equivalence of actions. Let r {X,n) 
and A (y, z/) be free m.p. actions of discrete gronps on probability spaces. It is 
trivial to see that if A : (A, fx) ~ (Y, u) gives a conjugacy of a, 0, i.e. Aoag = Os{g) o A, 
V^r G r, for some gronp isomorphism h : F ~ A, then (A“^)* : L°°X ~ L°°Y extends to 
an isomorphism of the gronp measnre space algebras L°°X xi F ~ L°°Y xi A, which takes 
a formal snm YgUgUg onto Eg(A“^)*(ag)n 5 (g), where Ug G L°°X x F, n/,, G L°°Y x A 
are the canonical nnitaries. 

It has been shown by Singer ([Si]), Dye ([Dyl,2]) and Feldman-Moore ([FM]) that 
in fact mnch less than conjngacy is snfhcient: If A : (A, ii) ~ (A, z/) is an isomorphism 
of probability spaces then (A“^)* : L°°A ~ L°°Y extends to an isomorphism of the 
corresponding gronp measnre space von Nenmann algebras if and only if A is an orbit 
equivalence (OF) of cr, 6*, i.e. if for almost alH G A we have A(Ft) = AA(t). 

This observation leads to the consideration of the orbit equivalence relation 
implemented on the probability space (A, fj.) by the orbits of a free m.p. action F 
(A, |u), i.e. {t^t') G TZa if Ft = Ft' ([Si], [FM]). More generally, if Aq C A is a 
measnrable snbset then one denotes by 7Z^° the eqnivalence relation on Aq given by 
the intersection of the orbits of a and the set Aq: t, t' G Aq are eqnivalent if Ft fl Aq = 
Ft' n Aq. If A (A, z/) is another free m.p. action and Aq C A, po = XXq: qo — XYqj 
then an isomorphism of probability spaces A : (Aq, pxo) — (^o, ^Yq) extends to a von 
Nenmann algebra isomorphism po{L°°X x F)po — Qq{L°°Y x A)qQ if and only if for 
almost all t G A we have A(Ft fl Aq) = A(A(t)) fl Aq, i.e. iff A takes the eqnivalence 
relation TZ^j fl (Aq x Aq) onto the eqnivalence relation TZe fl (Aq x Aq). 

To explain this resnlt, it is convenient to consider a more general notion of eqniva¬ 
lence relation (cf [FM]) and constrnct its associated von Nenmann algebra. Thns, an 
eqnivalence relation A on A is called a countable m.p. equivalence relation if there 
exists a conntable snbgronp F C Ant (A, p) and a snbset Aq C A of measnre 0 snch 
that for all t G A \ Aq the orbit of t nnder IZ coincides with Ft. The full group [7Z] 
of the eqnivalence relation IZ is the set of all f G Ant(A, p) with the property that 
there exists a nnll set Nq C X snch that the graph = {(t, (f>{t)) | t G A \ Aq} is 
contained in 7Z. In this same spirit, if F C Ant(A,//) then [F] denotes the gronp of 
antomorphisms f of (A, p) which are locally implemented by elements on F, i.e. for 
which there exist a partition of A with measnrable snbsets {A^}^ and antomorphisms 
G F snch that <f>\Xr^ — Note that if F C Ant(A,//) is a conntable gronp, 

then F implements A iff [F] = [JZ]. 

Similarly, the full pseudogroup of a conntable m.p. eqnivalence relation IZ (resp. 
of a snbgronp F C Ant(A, p)) is the set ^\TZ] (resp. ^[F]) of all measnrable p-m.p 
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isomorphisms (f) : r{4>) ~ /(</>), with r{4>),l{4>) C X measurable and graph contained in 
TZ (resp. locally implemented by elements in F). This is easily seen to coincide with 
the set of all “local isomorphisms” of the form (p^Yo with cp G ^[7^] (resp (p G p[r]) and 

def def 

To C X. This set is endowed with a product given by (ptp{t) = (p{'ip{t))^ t G r{(ptp) = 
{t G r{%p) I 'ip{t) G r{(p)} and inverse given by inverse of functions. 

If ^ is a full pseudogroup on (X, //) (coming from either a countable equivalence 
relation or a co un table subgroup of Aut(X,//)) then its associated von Neumann al¬ 
gebra L{Q) is dehned as follows: For each (p & Q, a ^ L°°X let (p{a) G L°°X be 
dehned by (p{a){t) = a{(p~^{t))j if t G /(</>), (p{a){t) = 0 if t ^ Denote Lq{Q) 

the algebra of formal hnite sums with G {L°°X)r{(p) and “indetermi- 

nates” product rule given by {acj)U(f)){a^u-tp) — a(j)(p{a.^)U(j)ip and ^-operation given 
by {acj)U(j)Y — Dehne r^aijjUfj,) — f aY(<P)diu, where i(<p) is the char¬ 

acteristic function of the largest set on which cp acts as the identity, then extend r 
to all Lo{Q) by linearity. Denote by L‘^{G) the Hilbert space obtained by completing 
Lq{Q)/It in the norm ||a:||2 = T(a:*a:)^/^, where 1 ^ = {x \ {x,x) = 0 }. The ^-algebra 
Lo{Q) acts on L‘^{Q) by left multiplication and L{Q) is dehned to be its weak closure. 
In case Q = ^[7^] for a countable m.p. equivalence relation, we denote LY\TV\) by L{TZ) 
(in the sense of 1.5 below). 

Note that the algebra of coefficients L°°X is maximal abelian in L(TZ) and that any 
unitary element u G L{TZ) which normalizes L°°X, i.e. uL°°Xu* = L°°X, is of the 
form u = aU(f,, where a is a unitary element in L°°X and (p G [7^]. It is useful to notice 
that, by maximality, there exist (pn G ^[7^] such that i{(p~^(pm) = 0, Vn 7 ^ m, and 
V(/) G p[7^], dXpl partition of r{(p) such that (p{t) = (pnit): Vt G Xpl (a.e.). Note that 
these conditions amount to saying that is an orthonormal basis of T([7^]) over 

L°°X (in the sense of 1.5 below). 

1.4-i- Definition. If a is free and ergodic then only depends on t = fx{Xo), up to 
isomorphism of equivalence relations (see e.g. [Dyl]). More generally, let t > 0 then 
choose an integer n > t and denote by a the action of T x on X = X x Z/nZ 

given by the product of a and the left translations by elements in Z/nZ. Let Xq C X be 
a subset of measure t/n. It is then trivial to see that, up to isomorphism of equivalence 
relations, only depends on t (not on the choice of n and Xq). We denote the 
isomorphism class of by 7^^ and call it the amplification ofTZfj by t. 

Let now S be another countable m.p. equivalence relation on the probability space 
(T, u) and let A : {X, p) ~ (T, n) be an isomorphism of probability spaces. It is now 
trivial from the dehnitions that A takes almost every orbit of TZ onto an orbit of S iff 
A conjugates the full groups [7^], [5], and also iff it conjugates the corresponding full 
pseudogroups. From the dehnition of L(7Z), this later condition is clearly equivalent to 
the fact that (A“^)* : L°°X ~ L°°Y extends to a von Neumann algebra isomorphism 
of L{7Z) onto L{S). Such A is called an orbit equivalence (OE) of 7Z, S. More generally: 
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1.4-2. Definition. Let A : (Y,u) be a measurable measure preserviug map. 

A is a m.p. morphism of IZ iuto S if there exists Nq C Xq with n{No) = 0 such that 
for all t G A \ Nq, A takes the A-orbits of t iuto the iS-orbits of A(t). A is called 
au embedding of TZ iuto S if it is au isomorphism of X outo Y aud takes almost every 
orbit orbit of IZ iuto au orbit of S. A is a local OE (or local isomorphism) of 7Z, S if 
there exists Nq C A, //(Aq) = 0, such that Vt G A \ Aq, A is a bijectiou betweeu the 
A-orbit of t aud the i5-orbit of A(t). 

By (1.1.1), siuce auy morphism A is surjective (a.e.), i.e. ^{Y \ A(A)) = 0, A* : 
L°°Y L°°X is a faithful iutegral preserviug vou Neumauu algebra embeddiug. It is 
trivial from the dehuitious that if A is au isomorphism of probability spaces theu A is 
au embeddiug ou TZ iuto S iff A[A]A“^ C [iS] aud iff (A“^)* : L°°X ~ L°°Y exteuds 
to a vou Neumauu algebra isomorphism of L{TZ) iuto L{S). 

If A : (A, |u) —(A, u) is a local OE of A, 5, theu for each if; ^ fiS] let A*('0) be 
the pull back of ' 0 , i.e. the local isomorphism from A~^{r{ip)) outo A~^{l{ip)) which 
takes t outo the uuique elemeut t' G TZt with A(t') = i/;{A{t)). Thus, A*('0) G ^[7Z] 
satishes A o A* [if;) = if; o A. Auother way of describiug the pull back map is as 
follows: Let fin G \TZ] be au orthouormal basis of TZ aud deuote A^ = {t E A~^{l{if;)) \ 
= A(.#,-Hf))}; {VJ}„ are theu measurable, give a partitiou of A ^(Ifif;)) 
aud we have if;~^{A{t)) — fi~^(t),\/t G X^. The pull back is clearly multiplicative (by 
the dehuitious), thus giviug au embeddiug of full pseudogroups A* : ^[ 5 ] — p[TZ]. By 
the above dehuitiou of the vou Neumauu algebra associated to a full pseudogroup, 
this implies that A* iuduces au isomorphism from L{S) iuto L{TZ), still deuoted A*. 
From the above remarks, if we deuote if; G ^[5], the cauouical partial isometry 
implemeutiug if; ou L°°Y, i.e. — '0(a), a G L°°Y, aud we let p'^ — Xx'* ^ T°°A, 

theu with the above uotatious we trivially have: 

1.4.3. Proposition. A*{v.fi) = YnP^Ufj,^ defines a von Neumann algebra embedding 
of L{S) into L(TZ). Moreover, if we identify L{S) with its image under A*, then we 
have {L°°Yy nL{TZ) = L°°X, any element in L{S) normalizing L°°Y normalizes L°°X 
and any orthonormal basis Vn of L{S) over L'^Y is an orthonormal basis of LfiJZ) over 
L°°A. 

1.5. von Nenmann subalgebras and basic construction. If (Q, r) is a huite von 
Neumann algebra then a *-subalgebra N <Z Q closed in the weak operator topology 
(equivalently, (A)i closed in || ■ II 2 ) and with the same unit as Q is called a von Neumann 
subalgebra of Q. For instance, if Q = A xicrT is the crossed product algebra correspond¬ 
ing to some actions cr of a discrete group T on the huite von Neumann algebra (A, r) 
as in 1.3, then A identihes naturally with a von Neumann subalgebra of Q by viewing 
a G A as the “polynomial” aue- Another important subalgebra of A x T is the von 
Neumann subalgebra LT generated by the canonical unitaries {ug}g C L°°X x T, i.e. 
the algebra of all convolvers YgCgUg with scalar coefficients Cg G C. 
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The restriction of functionals from Q to implements a positive A^-bimodular pro¬ 
jection of t) onto L^{N, t\n) (Radon-Nykodim type theorem), whose restriction 

to Q gives the (unique) r-preserving conditional expectation of Q onto N, denoted E^. 
Restricted to L^Q it implements the orthogonal projection of L^Q onto Lp'N^ denoted 
ejv- Identifying Q = Lq C B{LF‘Q) gives CNxeN = EN{x)eN,x G Q. 

We denote by (Q, ejv) the von Neumann algebra generated in B{L‘^Q) hj Q = Lq 
and Cat. Since cnxcn = EN{x)eN,'^x G Q, and \/{x{eNiL‘^Q)) \ x G Q} = L^Q, 
it follows that spanQcA/^Q is a *-algebra with support equal to 1 in B{L‘^Q) (i.e. if 
p G B{L‘^Q) is a projection with pT = T, VT G QejyQ then p = 1). Thus, {Q, cn) — 
^'^{xeN'y \ x,y E Q}. Also eN{Q,eN)eN = Ne^ implying that (Q^cn) is a semihnite 
von Neumann algebra. This is called the (Jones) basic construction for the inclusion 
N C Q, with cn its Jones projection ([J]). 

We endow (Q^cn) with a densely dehned trace Tr by TriTiiXie^yi) = EiT^Xiyi), 
for Xi, yi hnite sets of elements in Q. We denote by cat), Tr) the completion of 

spQcnQ in the norm ||a;||2,Tr = Tr{x*x)^^‘^,x G spQcnQ- Exactly as in the case of 
hnite von Neumann algebras with a trace, {Q, e^) acts (as a von Neumann algebra) 
on L‘^{{Q,eN),Tr) by left multiplication, and we call this the standard representation 
of {{Q,eN),Tr). Also, like in the hnite case, the elements in L‘^{{Q,eN),Tr) can 
be viewed as square summable (with respect to the semihnite trace Tr) operators 
affiliated with (Q^cn), i-e. as closed operators T G B{L‘^{{Q, cn),T r)) whose polar 
decomposition T = u\T\ has the partial isometry u and the spectral resolution e^, s > 

0, of \T\ lying in (Q^cn) and satisfying Tr(T*T) J s‘^dTr{es) < oo- The space 
L^{{Q, cn),T r) is dehned similarly and for an operator T affiliated with {Q^cn) we 
have T G L‘^{{Q,eN),Tr) ih T*T G L^{{Q,eN),Tr), like in the hnite case. 

Any Hilbert subspace of L^Q which is invariant under multiplication to the right 
by elements in is a right Hilbert A^-module. If 7Y C L^Q is a Hilbert subspace and 
/ is the orthogonal projection onto TL then TIN = TL (i.e. Ti is a right A^-module) 
ih / lies in (Q^cn). An orthonormal basis over N for Ti is a subset {r]i}i C TL such 
that TL = and E^iptiyi') = dwPi G V{N),\/i,i'. Note that in this case we 

have ^ = Tii'qiE]si(r]*^)y^ E TL. A set {r]j}j C L^Q is an orthonormal basis of TL over 
N ih the orthogonal projection / of LTQ on TL satishes / = TjrjjeNrj*, with rijCNr]* 
projection Vj. A simple maximality argument shows that any left Hilbert A^-module 
TL C LTQ has an orthonormal basis (see [P6] for all this). 

If ^ G L^Q satishes En{^*^) E N (i.e. it is a bounded operator) then the closed 
operator lies in (Q^cn) (i-e. it is bounded). If we denote by $ the Q-bimodule 

map from spQcnQ C {Q,N) into Q dehned by ^{xeNy) = xy,\/x,y E Q, then r o 
$ = Tr and $ extends to a linear map from L^{{Q,eN),Tr) onto L^Q satisfying 
||$(T)||i < ||T||t.,i. If ^ G L^Q then d>iCeNC) = 

An action a of a group T on (Q,t) which leaves N invariant extends to a Tr- 
preserving action on (Q^cn) by (xcNy) = crgix)eN(Jgiy), Vt, y E Q, g E T. 
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Moreover, since it preserves Tr, extends to a representation of F on the Hilbert 
space L‘^{{Q,eN),Tr). 


2. Some generalities on cocycles 

2.1. Definition. Let a be an action of a co un table discrete gronp F on a standard 
probability space (X, //) and V a Polish gronp. A (right) measnrable 1-cocycle for a 
with valnes in V is a measnrable map rc : X x F —V with the property that for all 
1717172 ^ r the eqnation 

(2.1.1) w{t, g 2 ) = w{t, gig 2 ) 

holds trne //-almost everywhere in 7 G X. Two V-valned cocycles w, w' are (measnrably) 
cohomologous (or equivalent) if there exists u : X V measnrable snch that for all 
(/ G F we have 

(2.1.2) w'{t, g) = u{t)~^w{t, g)u{g~H),yt G Xa.e. 

We then write w' ~ w. We denote by Z^(cr;V) the space of V-valned cocycles for 
a endowed with the topology of convergence in measnre. Note that if V is abelian 
then plain mnltiplication of cocycles (as V valned fnnctions) gives a gronp strnctnre on 
Z^(a; V), which is clearly Polish with respect to the above topology. 

Untwisting a cocycle w means showing it is eqnivalent to a cocycle which is indepen¬ 
dent out E X (in the a.e. sense). It is immediate to see that snch cocycles correspond 
precisely to gronp morphisms of F into V: If h : F —> V is a gronp morphism and we 
define : F x W ^ V hy (t^ g) = fi((7),V7, then is a cocycle; and conversely, if 
a cocycle re : W x F —V is so that for each g E T the map t ^ w{t, g) is constant in 
t E X (a.e.), then there exists a nniqne gronp morphism 5 : F —V snch that w = . 

We denote by Zq(F; V) the snbset of cocycles in Z^(F; V) which are eqnivalent to gronp 
morphisms. 

We only stndy in this paper cocycles with valnes in some closed snbgronp of the 
gronp UiTi) of nnitaries acting on a separable Hilbert space 7F, endowed with the 
nsnal Polish gronp strnctnre given by the s*-topology. Snch cocycles are of particnlar 
interest becanse they can be interpreted in operator algebra framework, as elements of 
the von Nenmann algebra of bonnded measnrable fnnctions on X with valnes in U{7i). 
Even more so, snch cocycles will become (left) cocycles for a certain action of F on a 
von Nenmann algebra. To explain this in details, we need some notations and general 
considerations. 

Thns, if (V, dy) is a separable complete metric space with finite diameter and (W, g) 
a standard probability space, then we denote by the set of classes (modnlo nnll sets) 
of measnrable fnnctions on X with valnes in y. We endow this set with the metric given 



16 


SORIN POPA 


by the L^-norm of the distance function, i.e. (i(/i,/ 2 ) = (/dy(/i(t),/ 2 (t))^d/u(t))^/^, 
fij f 2 £ 3^^)- (N.B. Any other L^-norm, p > 1, gives an equivalent metric.) {y^,d) 
is clearly a complete metric space, which is separable whenever y is separable. This 
follows immediately by approximating elements in y^ by step functions. Since such 
approximation will be used repeatedly in this paper, we mention it as a lemma. Its 
proof is standard and is thus omitted: 

2.2. Lemma. Let {y,dy), y^ be as above and /i ,fm ^ y^■ 

1 °. For any £ > 0 there exist a finite partition Xq, Xi,Xn of X and elements 
viey,l < i < n,l < j < m, such that p{Xo) < s and dy{fj{t),vl) < s, \/l < i < 
n, 1 < j < m, \/t E Xi a.e. 

2°. IfY C X is a set of positive measure and (ui, ...,Vn) E y^ is an essential value 
o/(/i,..., fn) on Y then there exists a decreasing sequence of subsets of positive measure 
y D Yi D ... such that dy{fj{t)jVj) < 2“"', Vt E Yn, n> 1, 1 < j < m. 

Let now be a von Neumann algebra acting on the separable Hilbert space FC. 
Note that if {B)i denotes the unit ball of B (with respect to the operatorial norm || ■ || 
on B) then the Borel structures on {B)i corresponding to the w, s and s* topologies 
coincide (see e.g. [Dl]). Thus, if we equip {B)i with either of these topologies and 
choose a Borel structure on X, then the Borel functions on X with values in {B)i will 
be the same. We denote by L°°{X;B) the corresponding set of classes (modulo null 
sets) of (essentially) bounded //-measurable functions on X with values in B. It has 
a natural *-algebra structure given by point addition, multiplication and *-operation, 
and a C*-norm given by the ess-sup norm. This algebra acts in an obvious way on the 
Hilbert space L'^{X-,FC) of square integrable functions on X with values in FC, as a von 
Neumann algebra. 

There is a natural spatial isomorphism between the von Neumann algebra L°°{X-, B) 
acting this way on {X ; FI) and the tensor product von Neumann algebra (W, pi)®B 
acting on L'^X ®FL^ which sends a step function f : X ^ B taking constant value yi E B 
on Yi C W, for {13}^ a hnite partition with measurable subsets of X, into the element 
^iXYi ®yi- 

Notice now that any embedding of a separable Polish group V as a closed subgroup 
oiU{B) implements an embedding of as a closed subgroup of the unitary group of 
the von Neumann algebra L°°(W; H), and thus of the unitary group of L°°X®B. By 

2.2, when regarded as a subgroup X®B)^ is the closure in the s*-topology 

of the group of unitaries of the form S/XVi ® with Vi eV E U{B) and {T/}/ hnite 
partitions of X. 

Notice also that if V is countable discrete, then any measurable map / : W V is 
given by a partition {Yg}g of X into a countable family of measurable sets such that 
fit) = g,t E Yg, g E V. Equivalently, when regarded as an element in L°°X®B^ f is of 
the form / = YgXVg ® where {v^}g = V C UiB). 
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With {X,fx), V C U{B) as above, let now a : F —Aut(W, be an action of a 
conntable discrete gronp F on (W,//). We still denote by a : F —Ant(L°°W, r^) the 
action it implements on L°°X, as well as the B-amplification of a, i.e. the action of F on 
L°°X®B given by ag^ids, l/CF. IfrciWxF —i>Visa measnrable map and we denote 
Wg = w{-,g) G V^, (7 G F, with viewed as a closed snbgronp of the nnitary gronp 
of L°°{X-,B) = L°°X®B as explained above, then conditions (2.1.1), (2.1.2) translate 
into properties of Wg as follows: 

2.3. Lemma. A measurable map w : X xV ^ V is a cocycle for the action a of T on 
(A,//) [i.e. it satisfies (2.1.1)) if and only if Wg — w[-,g) G V^^g G F, satisfies with 
respect to the action a = a ® ids ofT on L°°X®B the relations 

(2.3.1) Wgag[wh) = Wgh,'^g,h eV 

Moreover, ifw,w' G Z^(cr;V) and u G then u satisfies (2.1.2) if and only if, when 
viewed as an element inU[L°°X®B), it satisfies the relations 

(2.3.2) u*Wgag[u) = w'g,\/g G F 

Proof. Trivial by the dehnitions. □ 

2.4. Definition. Let F be a discrete gronp, Af a von Nenmann algebra and a : 
F ^ Ant(A/') an action of F on A/” (i.e. a gronp morphism of F into the gronp of 
antomorphisms Ant(A/') of the von Nenmann algebra A/”). A cocycle for cr is a map 
rc : F ^ U[Af) satisfying eqnations (2.3.1) above. Two cocycles w,w' for a are coho- 
mologous (or equivalent) if there exists u G U[N) snch that (2.3.2) above holds trne. 
More generally, a local cocycle for cr is a map re on F with valnes in the set of partial 
isometries of Af satisfying Wgag[wh) = Wgh, 'ig, h G F. It is easy to see that if w is snch 
a local cocycle, then p = rcg is a projection and for each p G F the element Wg belongs 
to the set U[pAfag[p)) of partial isometries with left snpport p and right snpport crg[p). 

With this terminology. Lemma 2.3 shows that a measnrable map w : X x T —r 
U[B) is a cocycle for an action a of F on the probability space [X,g) if and only 
if Wg = w[-,g),g G F, is a cocycle for the amplihed action ag ® ids of T on the 
algebra L°°[X;B) = L°°X®B. Also, eqnivalence of measnrable cocycles w,w’ for a 
corresponds to their eqnivalence as algebra cocycles for a ® ids- 

In the rest of the paper, we will in fact concentrate on measnrable cocycles with 
valnes in the following class of Polish gronps: 

2.5. Definition. A Polish gronp V is of finite type if it is isomorphic (as a Polish 
gronp) to a closed snbgronp of the gronp of nnitary elements of a separable (eqnivalently 
conntably generated) hnite von Nenmann algebra. We denote by '^fin the class of all 
snch gronps. 
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2.6. Lemma. Let V be a Polish group. The following conditions are equivalent: 

{i). V G 

{ii). V is isomorphic to a closed subgroup of the group of unitary elements U{Q) of 
a separable type IIi factor Q. 

(m). V is isomorphic to a closed subgroup V C of the group of unitary 

operators on a separable Hilbert space TL such that there exists E TC, f, 0, with the 
properties: 

(a) {uiU2C:0 = {u2UiC,0:'^Ui,U2 E V, 

(b) = n, 

where V' denotes the commutant ofV in BiTL). 

Proof (in) (i). If V C W (TC) is a closed subgroup and there exists a vector E TL 
such that conditions (a), (6) are satished, then let B = V" E B{TL) be the von Neumann 
algebra generated by V in B{TL). By (a), t{x) = x E B, is a, normal trace on 

B which by (6) is faithful. Since the Hilbert space TL on which it acts is separable, B 
follows hnite and separable. 

(i) (ii). If V is a closed subgroup of LL{B) for a separable hnite von Neumann 
algebra {B,t), then let Q be the free product Q = B * R, with R the hyperhnite IIi 
factor. By ([P7]) Q is a (separable) IIi factor and since V is closed in U{B), it is closed 
in LL{Q) D ld{B) as well. 

(ii) ^ (Hi). If V C LL{Q) for a separable IIi factor (Q,t) and H = L^(Q,t) is the 

standard representation of Q, then ^ = 1 is a trace vector for U{Q)^ thus for V C U{Q) 
as well, and one has D = TL, showing that both conditions (a), (6) of (i) 

are satished. □ 

The next result provides some easy examples: 

2.7. Lemma. 1°. If a group V is either countable discrete or separable compact, then 

V E 

2°. IfVn E ‘^fin,n > 1, then n^>lVn G %in- 

3°. IfVE ^fin and {X,n) is a standard probability space then E ^/in- 

Proof 1°. In both cases (V discrete, or V separable compact), the group von Neumann 
algebra LV of V is hnite and has a normal faithful trace state (see e.g. [D]). Since 

V embeds into the unitary group of LV as the (closed) group of canonical unitaries 
{ug}g(^y, it is of hnite type by 2.6. 

2°. If Vn is a closed subgroup in U{Bn), for some hnite von Neumann algebra Bn 
with normal faithful trace state r„, n > 1, and we let [B, r) be given hy B = 
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T(©nTn) = '^n'T^x^) jT^^ then {B, t) is finite with normal faithfnl trace and Il^Vn 
embeds into U{B) as the closed snbgronp 11^Vn- 

Part 3° is trivial, since V closed in U{B) implies closed in the nnitary gronp of 
the (separable) finite von Nenmann algebra L°°{X, n)(^B. □ 

2.8. Notation. If a is an action of a discrete gronp P on a finite von Nenmann 
algebra {Q, r) then we denote by Z^(a) the set of cocycles for a. Note that if N C Q 
is a von Nenmann algebra snch that crg{N) = N,\/g E P, and we denote Pg = o-g\N the 
restriction of a to N, then we have a natnral embedding 7} (p) C (cr). This embedding 
is in general not compatible with the eqnivalence of cocycles, i.e. two cocycles in Z^(p) 
may be eqnivalent as cocycles in Z^(cr) withont being eqnivalent in Z^(p). However, 
mixing properties of a can entail the compatibility of the two eqnivalence relations. 
The following property from ([P2]) is qnite relevant in this respect: 

2.9. Definition. Let (Q, r) be a finite von Nenmann algebra and N G Q a von 

Nenmann snbalgebra. Let a : P —Ant((5,T) be an action of a discrete gronp P on 
(Q, r) that leaves N globally invariant. The action a is weak mixing (resp. mixing) 
relative to N if for any finite set F C QqN and any £ > 0 there exists g E T (resp. there 
exists Kq C P finite) snch that ||i?Ar(?7*cTg(?7'))||2 < E F (resp. Vp G P \ Kq). 

It is easy to check that if N G Q are abelian von Nenmann algebras then 2.9 becomes 
the weak mixing property introdnced in the 1970’s by Fnrstenberg [F] and Zimmer [Z3]. 
(N.B. I am gratefnl to Alex Fnrman for drawing my attention on this work.) 

To give alternative characterizations of property 2.9, recall some notations from 1.4. 
Thns, let N C <5 C (Q, e) be the basic constrnction for N G Q, with e — cn denoting 
the Jones projection. Let Tr be the canonical trace on (Q, e) and the action of F 
on {{Q,e),Tr) given by [xey] = ag{x)eag{y), x,y eQ. 

The next two resnlts and their proofs are in the spirit of (Sec. 3 and 5.2 in [P2]). 

2.10. Lemma. The following conditions are equivalent: 

{i). a is weak mixing relative to N. 

(T). For any finite subset F G L^Q 0 L‘^N, with EN{r]*r]) bounded Vry G F, and any 
£ > 0 there exists g eT such that ||i7Ar(?7*ag(?7'))||2 < £,V? 7 ,? 7 ' G F. 

(ii). There exist gn oo inV and an orthonormal basis {1} U of L^Q over N 

such that lim ||^^(Cc^ 3 r.(^i))ll 2 = 0, Vf, j. 

n —>-00 

(m). Any f E L‘^{{Q, e),Tr) fixed by lies in the subspace Lf{e{Q^e)e^Tr) = 
L^{Ne). 

Moreover, if {Q, r) = rp 0 tat) and a leaves both N — 1 ^ N and P = P 0 1 

globally invariant, then a is weak mixing (resp. mixing) relative to N if and only if 
a\p is weak mixing (resp. mixing). Also, if a\p is weak mixing then any fixed point of 
a lies in N. 
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Proof, (ii) ^ (in). To prove that all fixed points of as an action on e), Tr) 

are nnder e it is snfficient to prove that any projection / G (Q, e) with Tr{f) < oo 
which is fixed by mnst satisfy / < e. Assnme there exists a cr'^-invariant / with 

fe ^ /, eqnivalently (1 — e)/(l — e) 7 ^ 0. Since (1 — e) is a^-invariant, by replacing 
/ by an appropriate spectral projection of (1 — e)/(l — e) 7 ^ 0 we may thns assnme 
0 ^/<l-e. 

Denote fn = Then Tr{fn) < 00 , Vn, and e + 1 in {Q,e). Thns 

||/n/-/i|2,Tr=||(e + /n)/-/i|2,T.-0. 

Let £ > 0 and n be large enongh snch that \\fnf — /II 2 ,Tr < s/3. Since a satisfies 
(m), there exists g eT snch that \\EN{^*ag{^i ))\\2 < £/(3n),l < i,j < n. We have 

^nd thus 

\\<^g(fn)fn\\lTr = rr(/„<(/„)) = a,{(,)ea,{g)) 

= < eV9. 

This farther implies 

Tr(f) = Tr(a«(f)!) = rr«(/)/„/) + rr«(/)(/ - /„/)) 


< \Tr(a’^{J - //„)/„/)! + \Tt(c,^{JU)U)\ + |rr(<T;(/)(/ - /„/)| 


.N 


N, 


< ||/-//n||2,Tr||/n/i|2,Tr + |kg (/n)/n || 2,Tr ||/c^g (/) || 2,Tr + || / -/n/1| 2,Tr |kg (/)||2,Tr 

< (e/3 + e/3 + e/3)||/||2,Tr = £||/||2,Tr- 


Taking e < 1, this shows that / = 0, a contradiction. Thns, / < e, finishing the proof 
of (m) ^ (m). 

{%') ^ (i) and (T) ^ (ii) are trivial. To prove (i) (i'), note first that for 

rj G L^Q the condition EN{rj*r]) G N (i.e. bonnded) is eqnivalent to rjerj* bonnded. 
Let E C L'^Q \ L‘^N be a finite set snch that E]\f{r]*r]) E N, \/r] E E. By (i) there 
exists Qn E r snch that lim^ \\EN{x*ag^{y ))\\2 = 0, for all x,y in the (separable) von 
Nenmann algebra Qo generated by rj\r]\~^ and by the spectral projections of rjrj* for 
rj E E. Showing that lim^ ||i?w(^*crg„(^))i |2 = 0, for some ^,77 G E, is eqnivalent 
to showing that lim^ ||^e^*(T^(? 7 e? 7 *)|| 2 ,Tr = 0. Bnt since for spectral projections p 
of we have ||p^e^*p|| < ||^e^*||, the latter is trivially implied by the fact that 
hm„ ||p^e^*pcr^(q'? 7 e? 7 *( 7 )|| 2 ,Tr = 0 for all E E and p^q spectral projections of 
corresponding to finite intervals. 

(Hi) (T). Assnme by contradiction that there exists a finite snbset E C L^Q 0 
L^A^, with EN{rj*r]) E N,\/r] E E, and eo > 0 snch that 1|i?jv(^*crg(? 7 '))II 2 > eo, 
\/g E r. This is eqnivalent to the fact that b = Eg^Fyerj* satisfies 


Tr(6<(6))>eo,V(7Gr. 
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Note that b G L‘^{{Q, e),Tr). Denote hj K = co{a^( 6 ) | (7 G F} C e), Tr), 

the closure being in the weak topology on the Hilbert space. Let bo E K he the unique 
element of minimal norm || ■ II2,Tr- Noticing that (K) = K and ||a‘^(6o)||2,Tr = 
ll^olb,Tr, V( 7 , by the uniqueness of bo it follows that ipo) = 60 ? '^9 ^ T. Thus 
bo — eboe. But by the condition F T L‘^N it follows that be = 0, thus 0 = Tr{bebo) = 
Tr(bbo) > So, a contradiction. 

To prove that last part of the statement, notice hrst that if cr|p is not weak mixing 
then it has an invariant hnite dimensional subspace TFq C L^P 0 C. If {'r]i}i is an 
orthonormal basis of Hq, then 0 is a-invariant. Equivalently, / = ’EirjieNrj* G 
{Q, e) is hxed by . It is also hnite and satishes fe = 0, showing that a is not weak 
mixing relative to N (by the equivalence of (i) and {in)). 

Conversely, if a^p is weak mixing then any orthonormal basis {1} U of L^P is 
an orthonormal basis of Q over N and condition {ii) above is clearly satished. By the 
equivalence of (ii) and (i), it follows that a is weak mixing relative to N. 

Now if a\p is weak mixing and x G P(E)N is hxed by a then xex* is hxed by and, 
since a is weak mixing relative to = 1 0 A^, by {iii) it follows that xex* G Ne, i.e. 
X e N. □. 

Note that if A^ = C then Dehnition 2.8 amounts to a being weak mixing and 
(i) -v^ {Hi) amounts to the characterization of this property stating that the only 
invariant hnite dimensional vector subspace of L'^N is C. 

2.11. Lemma. Let a, p be actions of the discrete group T on finite von Neumann 
algebras {P, r), {N, r) and w a cocycle for the diagonal product action CTg ® Pg, g & V, 
on {P®N, r). Let {P', t') be a finite von Neumann algebra containing {P, r) and a' an 
extension of a to an action ofV on {P',t') such that a' is weak mixing relative to P. 
Ifwg{a'g ® Pg){v) = vWg,\/g G F, for some cocycle w' with values inU{N) C U{P'®N) 
and some v G U{P'®N), then v G P®N, i.e. rc ~ w’ as cocycles for ag® pg,g G F. 
In particular, it follows that ifV {N,p) is the quotient of an action F {X', p') 

such that a' is weak mixing relative to L°°X and V C U{N) is a closed subgroup, then 
any V-valued cocycle w for a which can be untwisted to a group morphism w' :V 
as a cocycle for a', with (un)twister v : X' ^ V, then v comes from a m.p. map 

V : X , and thus w can be untwisted as a cocycle for a. 

Proof. If we consider the basic construction P®N C P'®N C {P'®N, e) and denote 
by = cr'g ® (AdWg o pg) then Xg{vP®N) — vP®N, Mg. But by 2.10, a' weak 
mixing relative to P implies A weak mixing relative to P®N, so by 2.10 again we have 

V G P®N. □ 

We end this section with a result showing that the equivalence class of a cocycle 
for an action of a group on a hnite von Neumann algebra is closed in the topology 
of uniform || ■ || 2 -convergence. We also show that if two cocycles are cohomologous 
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then any partial isometry giving a “partial eqnivalence” can be extended to a nnitary 
element that implements an actnal eqnivalence. 

2.12. Lemma. Let w,w' be cocycles for the action a of a group V on a finite von 
Neumann algebra (<5,r). 

1°. If \\wg — w'g \\2 < 5, V (7 G r, then there exists a partial isometry v E Q such that 
ll'i^ — lib < and Wgag{v) = vw'g, 'ig G F. 

2°. If for any £ > 0 there exists u G U{Q) such that \\wgag{u) — uWg \\2 < V (7 G F, 

then w, w' are cohomologous. 

3°. Ifwjw' are cohomologous and v E Q is a partial isometry satisfying Wgagiv) — 
vw'g, 'ig E F, then there exists u E U{Q) such that uv*v — v and Wgagiu) = uw'g, 
igEV. 

Proof 1°. Note hrst that if we let TTg{^) = w'gag^ffiw*, for each G F, ^ G L^Q, then 
Tig are nnitary elements and (7 h-> is a nnitary representation of F on L^Q. Indeed, 
this is an immediate conseqnence of the cocycle relation (2.4.1). 

Let K = {w'gW*g I (7 G F}, the closnre being in the weak topology on the Hilbert 
space ifi'Q. Note that K is actnally contained in Q, more precisely HyH < 1, V 77 G K. 
In particnlar K is bonnded in the norm || ■ jb, so it is compact in the weak topology. 
Also, since — l|b = 11^^ — Wg\\ 2 , ig E F, by taking convex combinations and 

weak closnre we get II 77 — l|b < d, iy E K. Let 770 ^ AT be the nniqne element of 
minimal norm-|| ■ |b. Noticing that 7ig{K) = K and ||7rg(^)|b = Iblb? ^9 ^ C ^ 
by the nniqneness of 770 h follows that w'gag{yo)Wg — 7rg(77o) = yo^ig E F. Thns 
w'gagiyjo) = yoWgjig E F. In addition, yo E K implies II 770 — l|b < d. Bnt then the 
partial isometry v in the polar decomposition of 770 also satishes w'gagiv) — vWg,ig E F, 
while by ([C2]) we have ||n — l|b < 4h^/^. 

2°. For the proof of this part and part 3° below, we nse Connes’ “2 by 2 matrix 

trick” ([Cl]). Thns, let a be the action of F on Q = M 2 x 2 iQ) = Q ® M 2 x 2 (C) given 

by dg — ag ® id. If {cij | 1 < bj < 2} is a matrix nnit for M 2 x 2 (C) C Q, then 

Wg = WgCii + w'ge 22 is a cocycle for a. li B C Q denotes the hxed point algebra of 

the action Adwg o d, then en, 622 G B and the existence of a nnitary element u E Q 
intertwining w,w' is eqnivalent to the fact that 611,622 are eqnivalent projections in 
B. Moreover, any partial isometry v E Q satisfying Wgagiy) ~ '^9 ^ T, gives a 

partial isometry v ® 612 in B with left, right snpports given by vv* ® 611 , v*v ® 622 - 

Thns, by part 1° and the hypothesis, there exist partial isometries Vn E B snch that 
VnVf < eii,vfVn < 622 and \\vnvf - 6 ii|b = \\vfVn - 622 |b ^ O' Bnt this implies 
611,622 are eqnivalent in B (for instance, becanse they have the same central trace in 
B). 

3°. Since w,w' are eqnivalent, the projections 611,622 are eqnivalent in B. On the 
other hand, if v satishes the given condition, then v — n ( 8)612 G B and vv* < 611 , v*v < 
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622 - This implies the projections en — vv* and 622 — v*v are eqnivalent in S, say by a 
partial isometry v' — v' ® 612 - Then u — v' -\-v clearly satishes the condition. □ 

3. Techniques for untwisting cocycles 

Let a be an action of a conntable discrete gronp T on the standard probability space 
{X, fi). Denote by a the associated double action of T on {X x X, n x fx), given by the 
diagonal prodnct d'g(ti,t 2 ) = {gti,gt 2 ), ^ 1,^2 ^ 

The main resnlt in this section is a criterion for nntwisting cocycles, extracted from 
proofs in ([PI]) and ([P2]). 

3.1. Theorem. Assume a is weakly mixing and let p be another action of V on a 
standard probability space (Y,u). Let V G ^fin o,nd w G Z^(a x p;V), where a x p 
is the diagonal product action on {X x Y, p x u) given by Og x pg,g E P. Denote by 
w’’, the cocycles for the diagonal product action a x p defined by w\ti,t 2 , s, g) = 
w(ti,s,g), w'^{ti,t 2 , s, g) = w(t 2 ,s,g), g G r,ti,t 2 E X, s E Y. Assume there exists 
some separable finite von Neumann algebra {N, r) such that V can be realized as a 
closed subgroup of U{N) and such that ~ as U{N)-valued cocycles for a x p. 
Then w is equivalent to a V-valued cocycle which is independent on the X-variable. 

Conversely, if w eZ^ [a x p; V) is equivalent to a cocycle in Z^(p; V) then ~ 
in X p;V). 

In particular, if w E Z^(cr; V) then w E Zq( cr; V) if and only if ~ in Z^(d'; V), 
where w\ti,t 2 ,g) = w{ti,g), w^{ti,t 2 ,g) = w{t 2 ,g), ti,t 2 E X, g eT. 

The above theorem holds in fact trne nnder more general assnmptions, in a non- 
commntative setting. To state the resnlt, we need some notations. Thns, let a : 
P —> Ant(P, Tp) be an action of a discrete gronp P on a hnite von Nenmann algebra 
{P,Tp). We assnme there exists an extension of a to an action d of P to a larger 
hnite von Nenmann algebra (P, f), with the property that there exists cti G Ant(P, r) 
commnting with the action a and satisfying the properties: 

(3. 2.0. a) Pai { P ) = P , f { xai { y )) = T { x ) T { y ),\/ x,y E P . 

Let (N, tn) be another hnite von Nenmann algebra and p an action of P on [N, r). 
Denote by a' the “diagonal prodnct” action of P on {P®N, r), given by a'g = dg® Pg, 
g eV. Notice that the restriction to P®N of a' gives the action a'g = ag ® Pg, g eV. 
Also, denote M = P®N P, M — P®N x^i P, with the corresponding canonical 
nnitaries denoted {ug}g C M respectively {ug}g C M. Whenever identifying M with 
a snbalgebra of M in the natnral way, we identify Ug = Ug. 

Note that [ai,a] = 0 implies [ai,^'] = 0 (as nsnal, we still denote by cti the 
amplihcations cti ^id^)- Thns, cti extends to an antomorphism cti of M, by ai{{x ® 
y)ug) = {ai{x) ® y)ug, Wx E P,y E N, g eT. 
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The inclusion M C M and the automorphism cti of M implement a M — M Hilbert 
bimodule structure on by 

(3.2.0.b) zi ■ ^ ■ Z 2 ^ zi^ai{z 2 ),\fzi, Z 2 e e 

which restricted to P®N implements a P®N bimodule structure on L‘^{P®N). With 
these notations at hand, we have: 

3.2. Proposition. Let w : V ^ U{P®N) he a 1-cocycle for a', which we also view 
as a cocycle for a'. Assume the action a of T on P is weakly mixing. If there exists 
b ^ 0 in P^N satisfying bwg = aiiwg)a'g{l)), \/g G T, with the left support of b under 
some po G V{P®N), then there exist a non-zero partial isometry vq G P®N, with 
vqVq < Po, P = VqVq G N, and a local cocycle w'g G U{j>Npgfp)), (7 G T, for p such that 
^g^^gi^o) = Vow'g.Wg G T. 

Moreover, w ~ ai{w) as cocycles for a' if and only if the cocycle w for a' is equiv¬ 
alent to a cocycle w' :V ^ U{N) for p. 

To prove this result we need some further considerations. With the notations in¬ 
troduced above, note that if (7 h-> Ug G U{M) is a unitary representation of a group T 
then ^ ^ Vg ■ ■ Vg, E (7 G T, gives a representation of T on the Hilbert space 

L‘^{M). Hence, if {wg}g C U{P®N) is a 1-cocycle for a' and we apply this observation 
to Vg = WgUg = w gU g thou f ^ w g Ad {u g) a I (Wg), f G L^(M), givos a representation 
of r on This representation clearly leaves L^(P(g)iV) invariant, acting on it 

by 

(3.2.1) ^wi9){v) = Wg^giv)(^iiw*g),V ^ L^{P®N). 

We will now identify the representation a'.^ in a different way. Namely, we let 

_ eo _ 

N — 1 ^ N G P^N C {P(L>N, eo) be the Jones basic construction for the inclusion 
N C P(B)N, where cq denotes the Jones projection implementing the trace preserving 
conditional expectation of P(LiN onto N. We then denote by Tr the canoni¬ 
cal trace on {P^N,eo) and let be the action of T on {{P®N,eo),Tr) given by 
( 77 )(^ 160 ^ 2 ) = <^g{zi)eoag{z 2 ) (see 1.4). We also denote 

(3.2.2) a'^{g){zieoZ2) = Wgag{zi)eoag{z2)Wg,'izi, Z 2 G P0N,g G T 

3.3. Lemma. Each a'^{g),g eV defines a Tr-preserving automorphism of the semifi- 
nite von Neumann algebra {P^N,eo) ■ The map g h-> ^'^{g) gives an action ofT on 
{{P^N, Co), Tr), thus also a representation ofT on the Hilbert space LfpP^N, cq), Tr).| 
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Moreover, the map Xiai{x 2 ) ® y i—> {xi ® l){yeQ){x 2 ® 1) extends to an isomorphism 
i?o from the Hilbert space L‘^{P^N) onto the Hilbert space L‘^{{P<^N,eo),Tr) which 
intertwines the representations d'^, cr'^- A^so, ido intertwines the left P®N-module 
structures on these Hilbert spaces. 

While this le mm a, can be easily given a proof by direct compntation, we prefer 
to derive it as a conseqnence of a more general result, which has the advantage of 
giving a clear conceptual explanation of the equivalence of representations in 3.3. More 
precisely, we will identify i?o as the restriction (to a subspace) of an isomorphism of 
Hilbert M-bimodules. 

To do this, note that the von Neumann algebra generated in M by = 1 ® and 
{ug}g is equal toA^xiT = N yipT. Let A^ xi T C M C (M, e) be the basic construction 
corresponding to the inclusion A^ xi T C M, where e denotes the Jones projection 
implementing the trace preserving conditional expectation of M onto A^ xi T. Endow 
LP‘{{M,e),Tr) with the Hilbert M-bimodule structure implemented by the inclusion 
M C (M, e). Then we have: 

3.4. Lemma. The map '& which takes {xiai{x 2 )®y)ug onto xi{yUg)ea~^{x 2 ), xi,X 2 
P,yEN,gEr, extends to a well defined isomorphism between the Hilbert M-bimodules 
mL‘^{M)m and ML‘^i{M,e),Tr)M- 

Proof. Note hrst that i? is consistent with the M-bimodule structures on the two Hilbert 
spaces. Thus, in order to prove the statement it is sufficient to show that i? preserves 
the scalar product. Let xi,X 2 , x[, x '2 G P, y, y' G N, g, g' G T. By the dehnition of the 
scalar product in M and (3.2.0.a), we have: 

{{x'^ai{x' 2 ) ®y')ugi, {xiai{x 2 ) ®y)ug) = T{xlx'^)T{x*2x'2)T{y*y')5gi^g 
On the other hand, by the dehnition of the scalar product in e),Tr) we have 

{d{{x\ai{x'2) ® y')ug'),^{{xiai{x2) ® y)ug)) 

= {x\{y'ug>)ea~f{x'2),xi{yug)ea~^{x2)) 

= {x[y'e{x2Ug>),xiye{x2Ug)) = Tr{ENy^riy*xlx[y')eENyirix2Ug>u*gX2)) 

= Tr{y*ENxirixlx[)y'eENxirix2crg>g-i{xl))ug>g-i) 

= T{xlx[)T{x2ag>g-i{x2))Tr{y*y'eUg,g-i) 

= T{xlx[)T{y*y')T{x2ag,g-i 

This shows that i? preserves the scalar product, thus hnishing the proof. □ 
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Proof of 3.3. We use the notations of 3.4. Since the Jones projection e implements the 
trace preserving expectation of M onto N XpF, it also implements the trace preserving 
expectation of P®N onto N = 1®N. Moreover, since spP(A^ xF) is dense in it 

follows that the weakly closed * algebra generated by P(^N and e in (M, e) has the same 
unit as (M, e) and is isomorphic to the von Neumann algebra {P^N, cq) of the basic 
construction for N C P^N, with the canonical trace Tr on {P(^N, cq) corresponding 

to the restriction to {P0N, e) sp^{P0N)e{P®N) of the canonical trace of (M, e). 
In other words we have a non-degenerate commuting square of inclusions ([P 6 ]): 

TV X F C M C (M, e) 

U U U 

N C C (P®TV, e) 

Thus, we can view L‘^{{P^N,e),Tr) as a Hilbert subspace 
the dehnitions, 'do clearly coincides with the restriction of id to 
follows then by noticing that, by Lemma 3.4, for (7 G F and ^ G 

= MWgUgCU*gai{Wg)*) 

= ld{'WgUgCai{U*g'W*g)) = 'WgUgld{C)U*g'W*g 

= WgUg ' do {^) u * gW*g = a '^{ g ){' do {^)). 

□ 

Proof of 3.2. By Lemma 3.3, ^ = 'do{b) G L‘^{{P^N,eo),Tr) is a nonzero element 
which is hxed by G F. Moreover, since it preserves the trace Tr, the action 

a '^ of F on the semihnite von Neumann algebra ((T®A^, cq), Tr) induces actions of 
F on all T^-spaces associated with {{ P <^ N , eo ), Tr ), being multiplicative whenever a 
product of elements in such spaces is well dehned. This implies that li rj = rj* is say 
in L ^[{ P ® N , eo ), Tr ) and is hxed by a '^ then all its spectral projections are hxed by 

^ W ' 

From these remarks it follows that 0 7^ G T^((T®A^, Cq), Tr) is hxed by cr'^, 
thus any spectral projection / of corresponding to an interval of the form [c, cx)) is 
hxed by . Moreover, Tr(/) < 00 whenever c > 0, with / 7 ^ 0 if c > 0 is sufficiently 
small. Also, since ido is a left T®Wmodule isomorphism, if po G P(^N C P(^N is a 
projection satisfying pob = po, then po^ = ^ and thus pof = f. 

Let / = ’Eirriieom*, for some C LF‘{P®N^t) satisfying E^irnlmj) = SijPj G 

V{N),\/i, j (see e.g. [P 6 ]). In other words, {mi}i is an orthonormal basis of 7F = 
f{L‘^{P®N^T)). We next show that by “cutting” / with an appropriate projection in 
Z{NY ^ we may assume {mi]i is a hnite set. 


of T2((M,e),Tr). By 
P®N. The statement 
PZN we have 
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Since = Trf < oo, the operator valued weight 4>{xeQy) — xy satishes 

(/)(/) = Tjimim* G L^{P®N,t). Since 

Eirriieom* = / = cr'^^ if) = TjiWga'g{mi)eoag{miyWg, 

by applying (f) to the hrst and last terms we get Adwg o a'g{Tiimiml) = Tjimim*, \/g. 
Thus Tjimim* is hxed by the action Xg = Adwg o cr^ of T on {P^N,t). Also, A leaves 
invariant the centers of P(X)N and N (the latter because a' leaves N invariant and 
AdWg commutes with Z{N) C Z{P®N) = Z[N)®Z[N)). Thus, a = Ez{N)iZiimiml) 
is hxed by A and so are all its spectral projections. Let z he a spectral projection of a 
such that 0 7 ^ ||za|| < cx). 

Since Z{N) C Z{{PZ>N,eo)), z commutes with e and /. Thus, by replacing 

/ with zf we may assume the orthonormal basis {mi}i is so that Ez{N)i'Zimim*) 
is a bounded operator. But Ez{n) = Ez{N) ° the latter being in fact 

the central trace Ctr on P®N. Since Ctr{xy) = Ctr{yx)^ we get Ctr{Eimim*) = 
Ctr{Tiim*mi) and thus Ez{N)iZiim*mi) = Ez(N)iZiimim*) is bounded. This implies 
Pi = Ei^(m*mi) G V{N) satisfy TiiCtrj^{j>i) bounded, where Ctr^ denotes the central 
trace on N. Thus, by using the “cutting and gluing” procedures in (1.1.4 of [P 6 ]) we 
can choose the orhonormal basis mi, m 2 ,... such that the central supports z{j>i) of pi in 
N satisfy pi > z{j>i^i)yi. But this implies that the cardinality of the set {m 2 , m 3 ,...} 
is majorized by \\TiiCtr{j>i)\\ < 00 , thus showing that it is a hnite set. 

Let t be the cardinality of the hnite orthonormal basis {m^jp Denote = 
Mtxt{N) = N Z) Mtxt{E.) and notice that by tensoring all inclusions N C P'^N C 
{PZ)N,eo) by MtxtiE) one gets the non-degenerate commuting squares of inclusions 

_ gQ _ 

TV* C P0TV* C {P®N\eQ) 

U U U 

N ■cf P®N C (PW, eo) 

with a’^ extending to an action a'^ of T on {P(X)N^,eo), which acts as p ® id on 
N ® Mtxt{^) = Al^■ Similarly, we denote the action Adwg o (S'), S' ^ P. 

Let /o = /eii, where {eij}ij are matrix units for MtxtiP-) C 1 ® C P®N^. 
Note that /o -< eo in {P®N^, eo), so there exists an element m G L‘^{P®N^) such that 
fo = meom*. In particular, q = ENt{m*m) is a projection in = Ip ® 

Since meom* = a'^ (( 7 )(meom*) = Wga’g{m)eoa'g{m*)w*g, it follows that mcoN^ = 
Wga'g{m)eoN^^ 'ig G P. Taking the operator valued weight of {P®N^, eo) onto P®N^, 
it follows that mN^ = Wga'g{m)N^^ \/g G P, as well. Thus, for each g E T there exists 
w'g G such that mw'g = Wga'gim) {w'g = Ei^t{m*Wga'g{m) will do), and we have 

a'g{m* m) = a'g{m*)w*gWga'g(m) — w'g*m*mw'g,yg. 
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Since a'^ commutes with by applying Ej^t to these equalities we get cr'giq) = 

Wg*qw'g, V( 7 , showing that qWgPg{q) are in the set U{qN^Pg{q)) of partial isometries 
with left support equal to q and right support equal to Pg{q). Thus, by replacing Wg 
by QWgPiQ) we may assume Wg G U{qN^Pg{q)), \/g. 

Since Whcr'hirn) = WghO'gf^{m) = mWgf^ and Wgh = Wga'giwh)^ we then get for 

all ( 7 , h G T: 

mw'gh = Wghcr'ghim) = Wghag{ah{m)) 

= Wga'g{wh)a'g{a'h{m)) = Wga'g{wha'j^{m)) = Wga'g{mw'j^) 

= Wga'g{m)pg{w'y;) = mw'gPgiw',^) 

showing that = WgPg{w'f^), i.e. w' is a local cocycle for p. 

Note that if one denotes by tti (resp. 112 ) the representations of T into the unitary 
group of M = P®N* XI r (resp. into the unitary group of qMq) given by Tii{h) = WhUh^ 
h G r (resp. 712 ( 9 ) — '^g'^g: S' ^ b), then the relation Wgag(m) = V( 7 , simply states 

that 7ri,7r2 are intertwined by m. This implies that the partial isometry v G 
in the polar decomposition of m intertwines these representations as well and that v*v 
commutes with 7r2(r). Thus, v*v belongs to the subalgebra of P®qN^q hxed by the 
action ag ® (Ad(r(;g) o p^), p G T, which since ag is weakly mixing follows equal to the 
hxed point algebra Bq of the action Kdw'g o of T on qN^q. 

On the other hand, since eum = m it follows that v = enu, implying that the 
central trace of v*v in is < 1/t. Thus, v*v is equivalent in to a projection 
of the form qoen G with qoeN = N®lC N^. Let Uq G U(N^) be so that 
uoqoeiiul = v*v. 

Denote Vi — vuq^ '^ 1 ( 9 ) = 'f^o'^gPg('^o)- We then have for all p G T: 

viw[(g) ^ vuoulw'gpg(uo) ^ vWgPg(uo) 

= Wga'g(v)pg(uo) = Wga'g(vuo) = Wga'givi). 

Also, vi — eiivieii, G enA^^en = A^en and w[(g) G U(viViN*pg(viVi)). This 
implies there exists a partial isometry vq E N and a cocycle Wq : T ^ U(vqVqN pg(vQVo)) 
for p such that Vi = v^en and w'i(g) = r(;o(p)eii,Vp. But then, by the isomorphism 
N ~ A^eii, we clearly have norco(p) = wga'g(vQ)g . Finally, notice that by the dehni- 
tion of m and the fact that pof = po, we have pom = po, implying that vqVq < po- 

This proves the hrst part of 3.2. To prove the last part, we use a maximality 
argument. Thus, denote by W the set of pairs (n, w') with v G P®N partial isometry 
satisfying v*v E N = 1 ® N and rc' : T ^ U(v*vNpg(v*v)) a local cocycle for p such 
that vw'(g) = Wgag(v), Vp G T. We endow W with the order: (vo,Wq) < (vi^w() iff 
Vo == vivlvo: v*vw’^(g) = Wo(g),yg E T. 
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(^, <) is clearly inductively ordered, so let {vo,Wq) G be a maximal element. 
We want to prove that no is a unitary element (automatically implying that Wq is a 
a cocycle for p). Assume no is not a unitary element and let n = noai(no)* G P^N. 
Since cti acts as the identity on N, it follows that nn* = nong. Also, for G F we have 

Wg^giv) = Wgag{vo)ai{ag{vo)y = voWo{g)ai{ag{vQ)) 

= voai{ag{{voWQ{g~y)*)) = voai{ag{wg-iag-i{vo))*)) 

= voai{ag{ag-i{vQ)ag{wg-i)*)) = noai(no)ai(ing), 

where for the last equality we have used the fact that the cocycle relation Wga'g{Wg-i) = 
We — ^ implies a'giwg-i)* = '^g- Thus, since w and aiiw) are equivalent cocycles for 
the action a', by 2.9 it follows that there exists a partial isometry v' G P(^N such that 
Wgd'giy') = v'aiiwg), 'ig G F, and n'n'* = 1 — nn*, v'*v' — 1 — n*n. The hrst part then 
implies there exists a non-zero partial isometry ni G P®N, with left support majorized 
by 1 — nong and right support in N^ such that Wga'givi) — viw'yg)^ 'ig G F, for some 
local cocycle : F —> UiylviNpgiv^vi)) for p. 

Thus, in the hnite von Neumann algebra P®N we have the equivalence of projections 
nj'ni ~ ninj' -< 1 — nong ~ 1 — ngno. Since the hrst and last projections lye in N and 
satisfy n*ni -< 1 — VqVq in P^N, they satisfy the same relation in N (for instance, 
because the central trace of P(^N is the tensor product of the central traces on P and 
A^). Thus, by multiplying ni to the right with a partial isometry in N that makes nj'ni 
equivalent to a projection in (1 — ngno)A^(l — 'I’o't’o) and conjugating w[ appropriately, 
we may assume n^ni < 1 — ngno. But then (no + ni, rcg © rcj) G W strictly majorizes 
(no,mQ), contradicting the maximality of {vq,Wq). 

□ 

The next result shows that untwisting cocycles with values in Polish groups of hnite 
type is a hereditary property. The rather elementary argument is reminiscent of the 
proof of (5.2 in [P3]). 

3.5. Proposition. Let a be a weakly mixing action of the discrete group F on the 
standard probability space (A,//). Let W G '^fin and V C W a closed subgroup. If a 
V-valued cocycle for a can be untwisted as a W-valued cocycle then it can be untwisted 
as a V-valued cocycle. More generally, let p be another action of T on a standard 
probability space (Y, u). If a V-valued cocycle w for the diagonal product action a x p 
is equivalent to a W-valued cocycle for p then it is equivalent to V-valued cocycle for p. 

Proof. Embed W as a closed subgroup of the unitary group of a separable hnite von 
Neumann algebra (A, r). Let rc : F — V^^^ be a V-valued 1-cocycle for a and assume 
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there exist a cocycle re' : F —> for p and a measurable map v : X xY ^ yV such 

that for each G F we have 

(3.5.1) w{t,s, g)v{g~H, g~^s) — v{t, s)w'{s, ( 7 ), V(t, s) G X xY (a.e.) 

By the approximation Lemma 2.2 applied to the measurable map X 3 t ^ v{t, •) G 
there exists a decreasing sequence of subsets of positive measure X D Xi D ... 
and an element uq G such that ||n(t) — 'Uolb < 2“"", Vt G X^ Vn > 1, where || ■ II 2 
corresponds here to the Hilbert norm on L°°Y given by ® r. 

This shows that by replacing n, regarded as a function int E X, by v{t)uQ,t G X, 
and w'{-,g) by uqw' , g) p{uq) , (7 G F, we may assume v G and w' G Z^(p; W) 

satisfy both (3.5.1) and 

(3.5.2) ||n(t) - III 2 < G Xn,Vn > 1, 

for some decreasing sequence of subsets of positive measure Xn- We’ll show that, 
together with the weak-mixing assumption, this entails v{t) G V^, Wt E X (a.e.) and 
rc'(F) C V^, where v{t) = v{t, ■) and w'{g) = w'{-,g). 

Thus, let hn —cxD in F be so that lim^ p{hnZ fl Z') = p{Z)p{Z'), MZ, Z'd X mea¬ 
surable. Note that this implies that for any ^f, 77 ' G F the sequences {ghng'}n, {9h~^g'}n 
satisfy the same condition. 

Fix h G F. For each m > 1 let Um be so that X^ = Xm H hn^Xm and X^ = 
Xm n {hn^h)Xm have positive measure. Then for t' in X'^ we have \\v{t') — III 2 < 
2-"", Mh-H') - III 2 < 2-^ while for t" E W" we have \\v{t") - ly < 2“"" and 
\\v{{hn^h)~^t") — III 2 < 2“™-. By applying (3.5.1) hrst for g = hn^ and then for 
g = hrimh, if we denote w(t, g) = w(t, ■, g) E V^, this implies 

and respectively 

lk(r'.h„„h) -w'(h„„ft)ll 2 < 2-’"+‘.V«'' ex". 

But this entails 

\\Ph^^{w\h)) - w{t', K^h)\\2 

< \\w{t',KJph^^{w\h))-w\hn^)ph^^{w'{h))\\2 


+ \\w\K^h)-w(tYK^h)\\2<2 ""+2 
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showing that w'{h) can be approximated arbitrarily well with elements in V. Thns 
w'{h) G V. 

We still need to prove that v{t) G Vt G X(a.e.). By nsing the approximation 
Lemma 2.2, it is clearly snfhcient to prove that for any set Z' G X of positive measnre 
and any £ > 0 there exists a snbset of positive measnre Zq C Z' snch that d(n(t), V^) < 
£, Vt G Zq. Let hn G T he so that lim.n iJ,{hnZ fl Z') = ii{Z)ii{Z'), 'iZ^Z' C X 
measnrable, as before. By (3.5.2) we can take m snfhciently large snch that ||n(t) —1||2 < 
£, Vt G Xm- Let n = n(m) be so that fj,{hnXm H Z’) ^ 0 and denote Zq = hnXm H Z'. 
If to belongs to Zq then t = h~^tQ G so if we apply (3.5.1) to g = h~^ we get the 
following identity in W^: 


v{to, h^-) = w{t, •, ^n(t, ■)«;'(•, 

Since both w(t, ■, h~^) and w'{-, h~^) he in and n(t, ■) is £-close to an element in 
V^, it follows that v{tQ,hn-) is £-close to an element in V^, with to G Zq arbitrary. 
Thns, n(to, ■) G V^, Vto G Zq, as well □ 

Proof of Theorem 3.1. Since V G ^fim the gronp V is isomorphic to a closed snbgronp 
oiU{N), for some separable IIi factor N. By Proposition 3.2 it follows that, as cocycles 
for cr X p, rc is eqnivalent to a W(A^)-valned cocycle w' for p. Bnt by Propositon 3.5, w 
is then eqnivalent in Z^(cr x p; V) to a cocycle lying in Z^(p; V). □ 

3.6. Proposition. Let a, p he actions of the discrete group P on finite von Neumann 
algebras (P, r), {N,t) and w a cocycle for a ® p. Let H G V he an infinite subgroup 
and assume Wh G 11{N), h G H. Let H' denote set set of all g G T for which Wg G N . 
Then we have: 

1°. H' is a subgroup o/P. 

2°. If g G T is so that gHg~^ n H is infinite and a is weak mixing on gHg~^ fl H 
then g G H'. 

3°. If H is normal in P and a is weak mixing on H then H' = r. 

4°. If a is weak mixing on P then two cocycles wi^W 2 '-T ^ U (N) for p are equivalent 
as cocycles for the diagonal product action a ® p if and only if they are equivalent as 
cocycles for p. 

Proof. Part 1° is trivial and 3° follows from 2°. 

To prove 2° we apply Lemma 2.10 to the action A of Hq = H (1 gHg~^ on P®N 
given by = Ad(rc^p) o (a/i^ 0 Pho)i ^ Hq. To this end, let ns note that if ho is an 
arbitrary element in Hq and we denote h = g~^hQg then h G H and Lq = ghg~^. By 
nsing the cocycle relations for w we then get: 

>^ho{Wg) = Whoi^^ho ® Pho)iWg)Ko 

= 'WhogWl^ = WghWl^ = Wg{ag ® Pg){Wh)wl^ = WgPg{Wh)wl^. 
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Thus, XhoiwgN) = WgN, Who G Hq. Since the action A of Hq is weak mixing on 
P = P® 1 and leaves N = l^N globally invariant, by 2.10 it follows that Wg G l^N, 
i.e. g G H'. 

4°. Assume there exists v G U{P®N) such that v*wi{g){ag ® Pg){v) = vJ2{g) for all 
5 f G r. Thus, Adrci(( 7 )((ag ® Pg){v)) — vw2{g)wi{g)* , where we have identihed Wi{g) 
with 1 ® vJi{g). This shows that Xg = Ad(l ® wi{g)) o (ug ® Pg) leaves invariant the 
space v{l ® N). By 2.10 this implies v ^ 1 ® N . □ 

4. Perturbation of cocycles and the use of property (T) 

In this section we prove that if a T-action a has good deformation properties and 
the group satishes a weak form of the property (T), then any cocycle for a checks the 
untwisting criterion 3.1. The proof uses the same “deformation/rigidity” argument as 
on (page 304 of [PI]) and (page 31 of [P2]). 

4.1. Definition. An inclusion of discrete groups H <zT has the relative property (T) 
of Kazhdan-Margulis (or is rigid) if the following holds true (cf [Maj; see also [dHV]): 

(4.1.1) . 3Po C P hnite and £o > 0 such that if tt is a unitary representation of P on a 

Hilbert space H with a unit vector ^ G P satisfying ||7rg(^) — ^|| < \/g G Pq, then 

30 7 ^ ^0 e P with TThi^o) = ^ 0 , Vh G H. 

Note that in case P = P, (4.1.1) amounts to the usual property (T) of Kazhdan for 
P ([K]). It is easy to see that if P = P, more generally if P is normal in P, then the 
hxed vector in (4-1.1) can be taken close to This fact was shown in ([Jo]) to hold 
true for arbitrary (not necessarily normal) inclusions P C T with the relative property 
(T). In turn, the characterization of the relative property (T) for P C T in ([Jo]) is 
easily seen to be equivalent to the following property, more suitable for us here: 

(4.1.2) . Ve > 0 there exist a hnite subset F{e) C T and J(£) > 0 such that if tt : P ^ 
P(P) is a unitary representation of P on the Hilbert space P with a unit vector ^ G P 
satisfying ||7r(5f)^ - ^|| < J(£), \/g G F{e), then ||7r/j(0 - ^|| < £ , V/i G P. 

The relative property (T) will only be used through the following: 

4.2. Lemma. Let a he an action of a discrete group T on a finite von Neumann algebra 
(Q, r). Assume H cT is a subgroup with the relative property (T). If w is a cocycle for 
a, then for any £ > 0 there exists a neighborhood Li of w in the space Z^(a) of cocycles 
for a such that \/w' G O 3u G Q partial isometry satisfying w'^^auiv) — vwh,'dh G P 
and ||u —1||2 < £. Moreover, if the action Ad{wh) oah, h G P, of H on {Q,t) is ergodic, 
then the restriction to H of any cocycle in O is cohomologous to w\h (as cocycles for 
^\h)- 

Proof With the notations in 4.1, let F = F{e) and d — 5{e^/A). Let w’ G Z^(a) be 
so that \\wg — w'g \\2 < S , \/g E F. Let tt be the representation of T on L^Q dehned by 
7r(^)(?7) = Wgag{r])w*g, g G L^Q, g eV. 
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Then we have 

||7rg(l) - III 2 = \\w'gag{l)wl - III 2 = \\wg-w'g\\2 <5,\/ge F. 

Thus, i|7r/^(l) - III 2 < e'^/4. Letting ^0 ^ L^Q be the element of minimal norm 11-112 in 
K = co'^{7r?i,(l) I h G iL}, it follows that ||^o — III 2 < £^/4, ||^o|| < 1 (thus ^0 ^ Q) and 
w'h^hiCo)Wh ~ ^ 0 , V/i G H. But then w'^^ahiCo) = CoWh, V/i G iL, so if n G Q denotes 
the partial isometry in the polar decomposition of ^0 then w'y^ahiv) = nrc/i, V/i G iL, 
and by ([C2]) we have ||n — 1||2 < £■ 

Thus, if we let O = {re' G Z^(a) | \\w'g — rCg ||2 < ^^'^9 ^ F}, then O satishes the 
desired conditions. 

Now, since the relation w'^^auiv) = vwh^ 'ig G iL, implies that v*v is in the hxed 
point algebra of the action Kdwh o an, h E H, of H on Q, if the cocycle w is ergodic 
then v*v = 1 showing that w' ^ w as cocycles for a\H. □ 

4.3. Definition. Let a be an action of a discrete group T on a standard proba¬ 
bility space Denote by (A,t) = g), J -dg) the associated abelian von 

Neumann algebra and by d : T —Aut(A(g)A, r ® r) the diagonal product action 
given hj dg — ag <S) (Jg, g E r. The action a is malleable if the flip automorphism 
a' E Aut(A(8)A, T ® r), dehned by a'(ai ® a 2 ) = a 2 ® ai, ai, a 2 G A, is in the (path) 
connected component of the identity in the commutant of d(r) in Aut(A®A, r® r) (cf 
[P4]; note that this terminology is used in [PI,2,3] for a slightly stronger condition). 

The action a is s-malleahle if there exist a continuous action a : M —s- Ant (A® A, t®t) 
and a period 2 automorphism (3 E Aut(A(8)A,T ® r) satisfying 

(4.3.1) [a, d] = 0, ai(A 0 1) = 1 0 A, 

(4.3.2) [(3, d] = 0, (3{a ® 1) = a 0 1, Va G A, jdat — (y--t(3, Vt G M, 

More generally, an action a of P on a hnite von Neumann algebra (P, r) is s-malleable 
if there exist a continuous action a : M —s- Aut(P(8)P, r ® r) and a period 2 automor¬ 
phism /? G Aut(P®P, T ® r) such that if we denote by d the diagonal product action 
dg = ag® ag of P on {P®P, t ® t) then we have: 

(4.3.1'). a commutes with d and satishes: 

T{xai{x)) = r{x)T{y),yx,y E Pai{P) = P®P. 

(4.3.2'). (3 commutes with d and satishes 


(3{x ® 1) — X ® l,\/x E P, (3at = a-tl3, Vt G M. 



34 


SORIN POPA 


4.4- Example. Let (Xo,/Uo) be a standard probability space. Let L be a countable 
discrete group and K a countable set on which L acts. Let {X,fx) = Ilk{Xo, fio)k be 
the standard probability space obtained as the product of identical copies (Xq, Ho)k of 
(Xo,/Uo), k E K. Let a : L —> Aut(X,//) be dehned by a{g){{xk)k) — {^k)kj where 
x'k = Xg-ik- We call a the {Xq, go)-Bernoulli (L r\ K)-action. We generically refer 
to such actions as generalized Bernoulli actions. In case K = T and L rv L is the left 
multiplication, we simply call a the (Wq, go)-Bernoulli V-action. 

Note that if we denote (Ao,to) = (L°°Wo, /-d/Uo), then the algebra (L°°W, J-d/u) 
coincides with ®fc(Ao, tq), with the action implemented by a on elements of the form 
®kak e ®fc(Ao, To) being given by ag{®kak) = ®ka'k, a'^ = a^-ifc, k e K, g eV. 

More generally, if {Nq, tq ) is a hnite von Neumann algebra and we denote {N, r) = 
( 8 )fc(A"o,To)fc, then for each g E T, ^k^k E N we let (7g{®k0^k) = ®k(i'k^ where a'^ = 
ttg-ik, k E K. Then cr is clearly an action of L on {N,t) which we call the {Nq^tq)- 
Bernoulli (L r\ K)-action. 

It was shown in ([PI], [P2]) that if Nq is either abelian diffuse or a tensor product 
of 2 by 2 matrix algebras then any {Nq, To)-Bernoulh T r\ K action is s-malleable. We 
reprove these results below, for the sake of completeness. 

4.5. Lemma. Let T be a countable discrete group acting on a countable set K. Let 
{Nq^to) be a finite von Neumann algebra and a the {No,To)-Bernoulli T r\ K action 
on {N,t) ^®keK{No,To)k. 

1°. If either {Nq, tq ) is diffuse {i.e. it has no non-zero minimal projections) and for 
all g ^ e there exists k E K such that gk ^ k, or if {Nq, tq ) is arbitrary and for all 
g yl e the set {k E K \ gk ^ k} is infinite, then a is a free action. 

2°. a is weakly mixing iff'iKo <Z K 3g eV such that gKo fl Kq = 0 and iff any orbit 
ofrr\K is infinite. Moreover, if any of these conditions is satisfied then a is weakly 
mixing relative to any subalgebra of the form — ®fc(A"o)fc ^ ^^o- 

3°. a is (strongly) mixing iffWKo C K finite 3F C P finite such that gKQ fl Kq = 0, 
\/g E T \ F, and iff the stabilizer {h E T \ hk = k} of any k E K is finite. 

4°. If Nq is either abelian diffuse or a finite factor of the form {Nq,tq) = 
<^ieL{M 2 x 2 {C),tr)i, for some set of indices L, then a is s-malleable. 

Proof. 1°, 3° and the hrst part of 2° are well known (and easy exercises!). To prove 
the last part of 2°, let {rjn | n > 0} C L‘^{Nq,to) be an orthonormal basis over Nf), in 
the sense of 1.4, with rjQ = 1. Denote by {Cn}n C N the (countable) set of elements of 
the form = ®{Vnk)k, with Uk > 0 all but hnitely many equal to 0, at least one being 
> 1. It is immediate to see that {1} U is an orthonormal basis of L'^N over 

that checks condition (2.2.1) with respect to the Bernoulli rrv.iL action a. 

To prove 4°, note hrst that Nq abelian diffuse implies Nq ~ L“(T, A), with tq 
corresponding to / -d/U. To construct a and (3 it is then sufficient to construct an action 
cto : K ^ Aut(Ao®A q, To ®To) and a period 2 automorphism (Iq E Aut(Ao®Ao, tq ®tq) 
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such that ao{Ao 0 1) = 1 0 Aq, /?o(ao ® 1 ) = uq ® 1 , Vao G Aq, Poaoit) = ao{—t)l3o, 
Vt G M. Indeed, because then the product actions at — ®A;(«o(^))fc, l3 — ®k{(3o)k will 
clearly satisfy conditions 2.1.1, 2.1.2. 

Since Aq is diffuse, (Ao,to) — (L°°(T, ^u), /-d//). Let u^v be Haar unitaries gen¬ 
erating Ao ® 1 and 1 ® Aq. Then n, n is a pair of Haar unitaries for (Ao,fo) = 
(Ao®Ao,to ® To), i.e. u,v generate Aq and fo{u^v^) = 0 for all {n,m) ^ (0,0), where 
To = To ® To. Note that if u'^v'A q is any other pair of Haar unitaries, then there 
exists a unique automorphism 6 of (Ho,fo) that takes u to u' and v to n', defined by 
9{u'^v^) = ('u')’^(t')™', Vn, m G Z. Note also that if rc G U{Aq) belongs to an algebra 
which is fo-independent of the algebra generated by u then wu is a Haar unitary. 

With this in mind, let h be the unique selfadjoint element in Ho with spectrum in 
[0, 27r] such that = vu*. From the above remark it follows that both u' ~ and 
v' — are Haar unitaries in Ho. Also, v'u'* = vu* so the von Neumann algebra 

generated by n', v' contains h, thus it also contains n, n, showing that n', v' generate Ho, 
thus being a pair of Haar unitaries for Ho. Thus, there exists a unique automorphism 
ao{t) of Ho such that ao{t){u) = ao{t){v) = By definition, we see that 

ao{t){vu*) — vu*, thus ao{t){h) = h as well. But this implies that for all t, G M we 
have 

ao{t'){ao{t){u)) = ao{t'){e^*'^u) — e'^^'^ao{t'){u) — — ao{t' -|-f)('u). 

Similarly ao(tO(*^o(^)(T)) = a^it' + f){y), showing thatao(t' + t) = ao{t')ao{t), . 

Further on, since u*,uv* is a Haar pair for Ho, there exists a unique automorphism 
(3q of (Ho,To) such that (3q{u) = u*, /3o(t'u*) = vu*. By definition, (3q satisfies /?o(i^) = 
u and (3q{vu*) — vu*, showing that (3q = id. Finally, since /3o{h) — h, we have 
«o(^)(/?o(^^)) = e~^^’^u* == /3o(ao(-t)('u)). Similarly ao(t)(/3o(T)) = /3o(ao(-^)(T)), 
altogether showing that ao(t)/3o = fdootQ^—f). Thus, a is s-malleable. 

Assume now that A"o is a tensor product of 2 by 2 matrix algebras. Consider first the 
case A"o = Af 2 x 2 (C). We let {eij}i^j=i ^2 be a matrix unit for Nq. Define the unitaries 
ao{f) e No® No by 

no 0 o\ 

0 cos7rt/2 sin7rt/2 0 
0 — sin7rt/2 cos7rt/2 0 

Vo 0 01 / 

This clearly defines a continuous unitary representation of M. Then we define Po G 
C ® A"o to be the unitary element: 


/I 

0 

0 


0 

1 

0 

0 

0 

0 

-1 

0 

Vo 

0 

0 

-1/ 
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An easy calculation shows that /3oao(^)/5o"^ = and that Ad(ao(l))(A"o ® 

C) A Nq ® 1. By taking tensor products of the above construction, this shows 
that if (A"o,to) = ®z(M 2 x 2 (C), tr); then there exists a continuous action cto : M ^ 
Aut(A"o®A"o, To®To) and a period 2-automorphisni (3q of Nq such that ao(l)(A"o® 1) A 
Nq ® 1, sp(A^o ® l)«o(l)(-^o ® 1) dense in Nq®Nq, Nq 1 hxed by /3, (3ao{t) = 
ao{—t)(3,'it G M. 

But then a — ®A:(cio)fc, — ^k(j3o)k clearly satisfy (4.3.1'), (4.3.2'). □ 

4.6. Lemma. Let F be a countable discrete group and H (ZF a subgroup with the rela¬ 
tive property (T). Let a be a s-malleable action ofF on the finite von Neumann algebra 
(P, t), with a\H weak mixing. Let d, a : M ^ Aut(P®P, t ® t ), /I G Aut(P®P, t ® t ) 
be as in Definition 4.3. Let {N,t) be a finite von Neumann algebra and p and action 
ofF on it. If w is a cocycle for the action ag ® Pg ofF on P®N then w\h and ai{w)\H 
are equivalent as cocycles for the action dh ® Ph of H on P<^P<^N. 

Proof. Denote P = P®P. We still denote by a,/? the Wamplihcations a ® id^ and 
(3 ® id N- Also, denote cr'g — ag® pg and a'g = dg ® pg. Since a is a continuous action 
by automorphisms commuting with d, a acts continuously on the set of cocycles w for 
the action d' of F on P®N. 

Note that by part 2° of Lemma 2.12 it is sufficient to prove that for any £ > 0 there 
exists vi G P®N partial isometry such that ||ni — 1||2 < £ and Whd'^{vi) = viai{wh), 
V/i G H. Indeed, because if w is a unitary in P®N such that uvlvi — vi then 

\\whd’^{u) -uai{wh )\\2 < 2||'u-ni||2 = 2||1 - vlvi \\2 < 4e, 

forall h ^ H, and 2.12.2° applies. 

To construct such ui, note hrst that by Lemma 4.2 for the given £ > 0 there exists 
n such that if we denote to = then there exists a partial isometry vq G P®N 
satisfying Whd'f^{vo) = voatfiwh), V/i G H, and ||no - 1||2 < £■ 

Let us now show that if 

(4.6.1) Whd'^{v) ^ vat{wh),yh e H, 

for some 0 < t < 1 and a partial isometry v G P®N, then there exists a partial 
isometry v' G P®N satisfying ||n '||2 = ||t ||2 and Whd’j^iy') — v'a 2 tiwh), V/i G H. This 
will of course prove the existence of ui, by starting with t = to = 2“"^ then proceeding 
by induction until we reach t = 1 (after n steps). 

Applying (3 to (4.6.1) and using that (3 commutes with d', f3{x) — x,\/x E P®N C 
P®N and fiat — a-tfi as automorphisms on P®N, we get fiiwh) — Wh and 


( 4 . 6 . 2 ) 


Wh(j't^{fi{v)) = fi{v)a-t{wh),yh G H. 
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Since (4.6.1) can be read as v*Wh = at{wh)o''^{v*), from (4.6.1) and (4.6.2) we get the 
identity 


v*(3{v)a-t{wh) ^ v*Wha'f^{(3{v)) 

= atiwh)ahiv*)ah{P{v)) = atiwh)ahiv*(3{v)), 

for all h E H. By applying at on both sides of this eqnality, if we denote v' — at{(3{y)*v) 
then we fnrther get 

v'*Wh = a2t{wh)a',^{v'*),'ih e H, 

showing that Wh^'^iv') = v'a 2 t{wh), Vh G H, as desired. On the other hand, the 
intertwining relation (4.6.1) implies that vv* is in the hxed point algebra B of the 
action Adwh o of on P^N. Since is weak mixing on (1 ® P) ® 1 C P(^N 
(becanse it coincides with a on lp®P®ljv — P) and becanse Adwh acts as the identity 
on (1 ® P) ® 1 and leaves (P ® 1)(^N globally invariant, it follows that B is contained 
in (P ® 1)^N. Thns (3 acts as the identity on it (becanse it acts as the identity on 
both Pol and 1 O N). In particular (3{vv*) = vv*, showing that the right support of 
/3{v*) equals the left support of v. Thus, (3(v*)v is a partial isometry having the same 
right support as v, implying that v' is a partial isometry with ||n '||2 = ||n|| 2 . □ 

5. Cocycle and OE superrigidity results 

5.1. Definitions. An inhnite subgroup P of a group T is w-normal (resp. wq-normal) 
in r if there exists an ordinal i and a well ordered family of intermediate subgroups 
H = Hq C Hi C ... C Hj C ... C = r such that for each 0 < j < t, the group 
Pj = UrK^jHn is normal in Hj (resp. Hj is generated by the elements g T with 
n P'l = cx)). 

For instance, if P = Pq C Pi C ... C P^ = F are all normal inclusions and P is 
inhnite then P C F is w-normal. An inclusion of the form P C (P * Fq) x Fi with 
P, Fi inhnite and Fq arbitrary is wq-normal but not w-normal. 

All statements in this Section will be about inclusions of countable inhnite groups 
P C F with the relative property (T) of Kazhdan-Margulis (or P C F is a rigid 
subgroup, i.e. it checks condition (4.1.2)) such that P is either wq-normal or w- 
normal in F. The class of groups having inhnite wq-normal rigid subgroups is closed 
to hnite index restriction/extension, to normal extensions and to operatios such that 
F (F * Fo) X Fi, where Fq is arbitrary and |Fi| = oo. The class of groups having 
inhnite w-normal rigid subgroups is closed to normal extensions. Both classes are closed 
to inductive limits. 

Any lattice F in a Lie group of real rank at least 2, such as 5'L(n,Z), n > 3, has 
property (T) by Kazhdan’s celebrated result ([K]), so P = F C F is rigid. The normal 
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inclusions of groups C F = Fq x Z^, with Fq C 5'L(2,Z) non amenable, are rigid 
(cf. [K], [M], [B]), and so are all inclusions Z"^ C F = Fq x Z"^ in ([Va], [Fe]). For each 
such Her, the inclusion iF C F' = F x iF' is w-normal rigid, for any group iF'. Also, 
if iF C F is wq-normal rigid then iF C (F * Fq) x Fi is wq-normal rigid whenever Fi 
is an inhnite group, Fq arbitrary, but it can be shown that if Fq is non-trivial then 
(F*Fo) X Fi has no w-normal rigid subgroups. 

Notice that in the cocycle superrigidity results 5.2-5.5 below the actions a are not 
assumed to be free. 

5.2. Theorem (Cocycle superrigidity of s-malleable actions). Let a be a s- 

malleable action of a countable discrete group F on the standard probability space (A, n). 
Let iF C F be a rigid subgroup such that a\H is weak mixing. Let V G ‘^fin- 

If p is an arbitrary action of T on a standard probability space (Y, u), then any V- 
valued cocycle w for the diagonal product action ag x pg,g E F, on {X x Y, p x u) is 
cohomologous to a V-valued cocycle w' whose restriction to H is independent on the 
X-variable. If in addition H is w-normal in F, or if H is wq-normal in F but a is 
mixing, then w' is independent on the X-variable on all F, in other words the inclusion 
Z^(p;V) C Z^(a X p; V) implements an isomorphism between the sets of equivalence 
classes Z^(p; V) / ~ and Z^(a x p; V)/ ~ . 

In particular, any cocycle w for a with values in V is cohomologous to a cocycle w' 
which restricted to H is a group morphism of H into V and if H is w-normal in F, or 
if H is wq-normal in F but a is mixing, then Z^(cr; V) = ZQ(a; V). 

Proof. The last part follows by simply taking p to be the F-action on the one point 
probability space. To prove the hrst part, by Proposition 3.5 it is sufficient to consider 
the case V = U{Nq), with Nq a separable hnite von Neumann algebra. But if V = U{Nq) 
and a s-malleable, then the statement follows from Lemma 4.6 and Theorem 3.1. □ 

5.3. Theorem (Cocycle superrigidity of sub s-malleable actions). The same 
statement as in 5.2 holds true if instead of a s-malleable with a\H weak mixing, we 
merely assume that a is the quotient of a s-malleable action F (A', p') such that 

is weak mixing on (A', p') and weak mixing relative to L°°X. 

Proof. Trivial by 5.2 and 2.11. □ 

5.4. Corollary (Cocycle superrigidity of generalized Bernoulli actions). Let 

a be a {Xq, po)-Bernoulli T r\ K action, where T is a countable discrete group acting 
on the countable set K and (Aq, po) is a non-trivial standard probability space. Let 
H E V be an infinite subgroup with the relative property (T) such that all orbits of 
H r\ K are infinite (see 4.5.2° J. Let V be a Polish group of finite type. 

Then any cocycle rc : A x F —> V for a with values in V is cohomologous to a 
cocycle w' whose restriction to H is a group morphism of H into V. If in addition H 
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is w-normal in F, or if H is wq-normal but {g E T \ gk = k} is finite, \/k E K (see 
4.5.3°J, then w' follows a group morphism on all F. 

More generally, if p is an arbitrary action ofT on a standard probability space {Y, u) 
and w is a cocycle for the diagonal product action ag x pg, g eV, on {X x Y, p x u), 
then any V-valued cocycle w for a x p is cohomologous to a V-valued cocycle w' whose 
restriction to H is independent on the X-variable, i.e. to a cocycle for p\H- Moreover, 
if H is w-normal in F, or if H is wq-normal but {g E T \ gk = k} finite, \/k E K, then 
w' follows independent on the X-variable on all F. 

5.5. Theorem (Cocycle superrigidity: the non-commutative case). Let a be 

a s-malleable action of a countable discrete group T on a finite von Neumann algebra 
{P,t). Let H E V be a rigid subgroup such that a\H is weak mixing. Let {N,t) be 
an arbitrary finite von Neumann algebra and p an action of T on {N,t). Then any 
cocycle w for the diagonal product action a® p ofV on P®N is equivalent to a cocycle 
w' whose restriction to H takes values in N — 1® N. If in addition H is w-normal in 
F, or if H is wq-normal in F but a is mixing, then w' takes values in N on all F. 

Proof. Let (Jg — (Jg ® Pg, g eT. Let a : F — Aut(P, f) denote the diagonal prodnct 
action dg = ag® ag oiV on P = P®P and a : M ^ Ant(P, f), (3 E Ant(P, f) as in 
Definition 4.3. By Lemma 4.6, w\h ~ as cocycles for dh®Ph^ h E H. Bnt then 

Proposition 3.2 implies w\h is eqnivalent to a cocycle w' with G U{N), 'ih E H. □ 

We’ll now apply the case V = A discrete of the Cocycle Snperrigidity 5.3 to dednce 
orbit eqnivalence snperrigidity of the corresponding sonrce actions. The resnlts will in 
fact hold trne for all sonrce actions that are cocycle snperrigid, in the following sense: 

5.6.0. Terminology. Let be a family of Polish gronps. We say that F {X, p) is 
^ -cocycle superrigid if any V-valned cocycle for a is co homo logons to a gronp morphism 
of F into V, VV E ^ . If is the family of all discrete gronps, we simply say that 
a is cocycle superrigid. With this terminology. Theorem 5.2 shows that if F has an 
infinite snbgronp iF C F with the relative property (T), a is a weak mixing s-malleable 
F-action and either H is w-normal in F, with a\jj weak mixing, or H is wq-normal, 
with a mixing, then a is cocycle snperrigid. By 5.3, for an action F X to be cocycle 
snperrigid it is in fact snfficient that it is the qnotient of a cocycle snperrigid action 
F X' with the property that F rx L°°X' is weak mixing relative to L°°X (in the 
sense of Definition 2.9). 

5.6.1. Assumption. F X is free and, as an action on L°°X, it admits an extension 
to a s-malleable action a' of F on a larger abelian von Nenmann algebra (A', r') with 
the property that T|'^ — r, a' weak mixing relative to L°°X C A' and snch that there 
exists an infinite rigid snbgronp iF C F with a'^^ weak mixing on A' and either H is 
w-normal in F or iF is merely wq-normal bnt a' mixing. 

Examples of (a, F) satisfying 5.6.1 are all (Aq, /Uo)-Bernonlli V rx K actions of gronps 
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r having an infinite rigid snbgronp H cT with the property that T r\ K satisfies 4.5.1° 
and either H r\ K checks 4.5.2° and H G T is w-normal, or F checks 4.5.3° and H is 
wq-normal. 

Recall from 1.4 that if 7^, S are conntable m.p. relations on the probability spaces 
{X, //), (y, u) then an orbit equivalence (OE) of 71, S is an isomorphism of probability 
spaces A : (A, fx) ~ (Y, u) which takes 7Z onto S. A local OE of A, iS is a m.p. map 
A : (A, n) (Y, u) (a.e. snrjective, bnt not necessarily a.e. 1 to 1) with the property 
that for almost alH G A, A gives a bijection between the A-orbit of t and the iS-orbit 
of A(t) (see 1.4.2). For instance, if F {X,ii) is a free m.p action, B C L°°X is a 
cr(F)-invariant von Nenmann snbalgebra of L°°A such that a\B is still free and we write 
B = L°°Y, for some probability space (Y, u) with the property that equals Tjy on B, 
then the associated quotient map A : (A, (Y,u) (see 1.1.1) implements a local 

OE of Act, 71s, where 9g is the action of F on (Y, fx) implemented by the restriction of 
ag to L°°Y = B. An embedding of 7Z into S is an isomorphism A : (A, //) ~ (Y, u) that 
takes 7Z onto a subequivalence relation of S. 

5.6. Theorem (OE Superrigidity). LetV X be a free, weakly mixing, cocycle 
superrigid action, e.g. an action satisfying 5.6.1. Assume F has no finite normal 
subgroups. Let 9 be an arbitrary free ergodic m.p. action of a countable discrete group 
K on a standard probability space {Y, u) and A : TZ^j ~ TVg an orbit equivalence, for 
some t > 0. 

Then n = 1/t is an integer and there exist a subgroup Aq C A o/ index [A : Aq] = n, 
a subset Yq gY of measure n{Yo) = 1 /n fixed by 9^/^^, an automorphism a G [TZg] and 
a group isomorphism : F ~ Aq such that a o A takes X onto Yq conjugates the 
actions a,9o o 6 , where 9o denotes the action of Aq on Yq implemented by 9. 

Moreover, if F is assumed 7CC but the free action F X is merely a quotient 
of a weakly mixing cocycle superrigid action (e.g. of an action satisfying 5.6.Ij, then 
r r\ X is OE superrigid, i.e. if A r\Y is a free ergodic m.p. action of an arbitrary 
countable group A and A : A ~ A is an orbit equivalence ofT r\ X, A r\Y then there 
exist a G [A] and : F ~ A such that Aq = a o A conjugates a,9 o 5. 

5.7. Theorem (Superrigidity of local OE). Let F iX,n) be a free weakly 
mixing cocycle superrigid action, e.g. an action satisfying 5.6.1. Assume F has no 
finite normal subgroups. Let 9 be an arbitrary free ergodic m.p. action of a countable 
discrete group A on a standard probability space {Y,u). Let A : (A,//) — (Y,uY be a 
local OE ofTZcr, 7 Zq, for some t > 0. 

Then n = t~^ is an integer and if 9' denotes the pull back of 9 to a A-action on 
(A”, //X") (see l.A) then there exist a subgroup Aq G A of index [A : Aq] = n, a subset 
Aq C A"" of measure /Ux"(Ao) = 1/n fixed by 9'^^^, an automorphism a G [TZ^jn] and a 
group isomorphism 5 : F ~ Aq such that a takes X onto Xq and conjugates the actions 
(7,6*0 ° where 9q denotes the action of Aq on Xq implemented by 9'. 
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In particular, if A is a local OE ofIZcr,IZQ then there exist a G [Ha] o,nd 5 : F ~ A 
such that 9 o d is a quotient of aaa~^ (via A). 

5.8. Theorem (Superrigidity of embeddings). Let F he a free weakly 

mixing cocycle superrigid action, e.g. an action satisfying 5.6.1. Assume F has no fi¬ 
nite normal subgroups. Let A {Y, u) he an arbitrary action and A : {X, p,) ~ {Y, nY 
an embedding oflZa into IZg, for some t > 0, such that any T-invariant finite subequiv¬ 
alence relation of IZq is contained in TZa (when identifying IZa with a subequivalence 
of TZq, via A). 

Then t < 1 and there exist an isomorphism d of T onto a subgroup Aq of A and 
a G [Hq] such that Aq = a o A takes X onto a Ao-invariant subset Yq C Y, with 
p(Yq) = t, and conjugates the action a with the action 6 *|Ao of Kq on Yq, with respect 
to the isomorphism 5 : F ~ Aq. 

5.9. Corollary. Let A (A, p) be a free ergodic m.p. action and assume there 
exists t > 0 such that TZ\ D TZy for some F r\ {X,p) satisfying 5.6.1, F without finite 
normal subgroups and such that any F -invariant finite subequivalence relation of TZ\ 
is contained in TZy. Then ^{TZa) = {1}. Thus, if IZ is a countable m.p. equivalence 
relation with tX(7Z) 7^ {1} and such that IZ D IZr for some F A satisfying the above 
properties then Hi cannot be implemented by a free group action, \/t > 0. 

5.10. Corollary. Let T be a group having an infinite wq-normal rigid subgroup and 
no finite normal subgroup. Let {X,p) = ({0,1 },with s = //o({0})///o({l}) Y 1- 
LetIZo be the hyperfinite equivalence relation on {0,1}^ given by: {tg)g ~ iff there 
exists a finite subset F C F such thattg = t'g, 'ig G F\F andUg^pLoitg) = ^geFLoif'g) ■ 
Let IZ be the countable m.p. equivalence relation generated by IZq and the Bernoulli 
V-action F A (which leaves IZq invariant). Then IZ^ cannot be implemented by a 
free group action, Vt > 0. Moreover, ^{IZ) D s^ and ifV is of the form Fq k with 
Fq a finitely generated non virtually cyclic subgroup of SL{2,Z), then ^{IZ) = 

We deduce Theorems 5.6-5.8 and their Corollaries 5.9, 5.10 from the Cocycle Su¬ 
perrigidity 5.2-5.3 and a General Principle (Proposition 5.11 below) showing that any 
“untwister” of a Zimmer cocycle associated with an orbit equivalence of actions (de¬ 
fined below) gives rise to a natural “conjugator” of the two actions. We in fact prove a 
more general such principle, dealing also with embeddings and local OE of equivalence 
relations, and their amplifications. Prior results along this line have been obtained in 
(4.2.9, 4.2.11 of [Z2]) and (3.3 of [Fu2], 2.4 of [Fu3]). The proof uses von Neumann 
algebra framework, but is otherwise quite straightforward. 

To formulate this result, let us recall the definition of the Zimmer cocycle wa asso¬ 
ciated with a morphism A of equivalence relations implemented by group actions, with 
the target action free. Thus, let cr be a free F-action on (A, p) and 9 a free A-action on 
(Y, u). Let To T A be a subset of positive measure and assume A : (A, p) (Aq, ^Yq) 
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a m.p. morphism of 7^^ into 7^^°, with Nq C X a subset of measure 0 such that A takes 
the 7^(j-orbit of any t E X \ Nq into the 7^^°-orbit of A(t). Let w = wa : A x L —A 
be dehned as follows: For given t E X \ Nq, g E T, w{t,g) is the unique h E A such 
that A(a“^(t)) = 6 j^^{A{t)). It is immediate to check that re : A x F —A this way 
dehned is measurable and satishes the (right) cocycle relation (2.1.1) (see [Z2]). 

The “principle” below shows that if F (A, g) is free and weak mixing, A 
(A, u) is free and A is a (local) OF (resp. an embedding) of the corresponding equiva¬ 
lence relations Ag-, TZg, then a measurable map n : A —A implementing an equivalence 
between wa and a group morphism h : F —A gives rise to a natural automorphism 
a = in the full group [A^] (resp. [JZg]) that (virtually) conjugates the F-actions 
AaA-i, 6 'o A 

5.11. Proposition. Let F (X^g), A (A, u) be free m.p. actions, with a weak 
mixing, and A : {X,g) (Aoji/y^) either an embedding or a local OE of 71^,71^°, for 
some Ao C A. Denote A = L°°X, B = L°°Y, M = AxF, P = i?xA, p = xyq, CL^d 
Ug E M, Vh E P the canonical unitaries implementing a, 6. 

Let w = Wa denote the Zimmer cocycle associated to A. Assume d : T ^ A is 
a group morphism and v : X ^ A a measurable map such that for each g E V we 
have v{t)~^w{t, g)v{g~H) = 5{g), 'it E X (a.e.). Let {Xh}h be the partition of X into 
measurable subsets such that v{t) = h for t E Xh, h E A. Denote qn — Xx^ ^ L°°X, 

h E A. Let b YhqhVh, which is viewed as an element in LfP when A is an embedding, 
via the inclusion M C P (see l.f), and is viewed as an element in L‘^M^ when A is a 
local OE, via the inclusion P C M"- (see 1.4-3), where n = z/(Ao)“^. 

Then Ugb = bvs{g),ig E T, b is a scalar multiple of a partial isometry, K = ker{6) 
is a finite normal subgroup of F and we have: 

(i). 7f A is a local OE then bb* = YkeKUk, b*b = \K\q with q E A^ a projection 
invariant to the pull back O'j^, h E Aq = h(F), and n = [A : Aq] is an integer. Moreover, 
if we denote A^ = L°°{X/K) the fixed point subalgebra of A under the action 
then a = |A|“^Ad(6*) implements an isomorphism of A^ onto A^q which conjugates 
the V/K-action ao = a\j^K and the Ao-action with respect to the identification 
V/K ~ Ao implemented by d. 7n particular, if T has no finite normal subgroups then 
b*b = q, bb* = p, a = Ad6* has graph in TVf = TZgi and conjugates a, with respect 
to the isomorphism h : F ~ Aq C A. 

{ii). 7f A is an embedding and we identify = B, M"' C P and TZ^ C TZf via 
A, then there exists a finite a(T)-invariant subequivalence relation 1C C Tlf containing 
such that if we denote by m the cardinality of the orbits of X, A^ ~ L°°(A/A) 
the quotient (or fixed point algebra) under X then a = m~^Ad{b*) implements an 
isomorphism of A^ onto A^q which conjugates the T/K-action ao = onto the 

Ao-action Oq implemented by 6 *|Ao on Bq = A^q, with respect to the identification 
V/K ~ Ao implemented by d. 7f in addition any finite a{V) —invariant subequivalence 
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relation of TZ^ is contained in IZu then 1C = TZa{K), b*b = \K\q, bb* = 'EkeKUk, 
a = |iir|“^Ad(6*) and a implements an isomorphism of onto A^q. Also, ifV has 
no non-trivial finite normal subgroups, then b is a partial isometry in P normalizing 
A^ = B with left support p = xx that conjugates the T-action a and the Ao-action Oq. 

Let us first prove 5.6-5.10 assuming Proposition 5.11, then we prove the latter. 

Proof of Theorem 5.6. The hrst part is trivial by Theorem 5.7. To prove the last 
part, assume T X is a quotient of a free weakly mixing cocycle superrigid action 
r {x',p.'). Let A' = A = C A', M = A' x F and N = 

A X r C M, with {ug}g G M the canonical unitaries implementing a' on A' and a 
on A C A'. Let {vh\heA C be the canonical unitaries implementing 9 on L°°Y — 
L°°X (identihcation via A). By Proposition 5.11, there exists a unitary element u' = 
'^hQhVh £ M normalizing A' such that u'ug = vs(^g)u',\/g G P. Letting u be the 
expectation E^iu') = EhEA{qh)vh 7 ^ 0 of n' on N, since Ug,Vh G N, it follows that we 
still have uug — vs(g)U,\/g G P. Thus u'*u G {ugj'g fl M. But a' weak mixing implies 
{ug}'g n M C LP and if in addition P is ICC then {%}g fl M C LP = LT' fl LP = C. 
Thus EhEA{qh)vh ^ Cu', implying that EA^qh) = Qhj'^h, i.e. u' G N. But then 
a = Adu' will do. □ 

Proof of Theorem 5.7. Let m be the smallest integer > 1 such that m > t. Let 
A = A X {fLimTdj and denote by 9 the action of A on T = Y x [Z/mZ) given by 
the product of the actions 9 and the translations by elements in Z/mZ. Also, denote 
s = mjt and 9' the A®-pull back of 9, where A® : [X, — (T, 9) is the s-amplihcation 

of A. Thus, we may regard TZg as 77for some subset Tq C T of measure t/m, and A® 
as a local OE of 77® = 77g,, 77g. By Proposition 5.11(t), it follows that m/t is an integer. 
By the choice of m this implies either t < 1 (and so m = 1) or t = m is an integer > 2. 
The second case implies 77o- = 77^,, and since a is cocycle superrigid by 5.11(i) the 
actions cr, 9' are conjugate. But cr is weak mixing and 9' is not, contradiction. Thus 
t < 1 and the statement follows now trivially from the cocycle superrigidity of cr and 
5.11(t). □ 

Proof of Theorem 5.8. Let m be the smallest integer > 1 such that m > t. Let 
A = A X (Z/mZ) and denote by 9 the action of A on T = T x (Z/mZ) given by the 
product of the actions 9 and the translations by elements in Z/mZ. Thus, we may 
regard 77g as 77j°, for some subset To C T of measure t/m. Let s = m/t. Thus, we 
may apply 5.11 (m) to get a subset Yj C Y, with fr(Y/) = fr(Yo) = t/m, a subgroup 
Aq C a, such that 6 *|Ao leaves Yj invariant, and a G [77^] that takes Y = A(A) onto Yj, 
such that ct o A conjugates a, 9 q o 5, where 9q is the action implemented by 6 *|Ao on Y/. 
In particular ^0 is weak mixing (because a is). This implies that if we denote q = xvj 
then the hnite dimensional subspace L°°{7j/mZ)q of L°°Yq, which is clearly invariant 
to 9q, must be reduced to the scalars. Thus T{q) < 1/m, in other words t < 1. 
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□ 

Proof of Corollary 5.9. If ^(JZa) 7 ^ {1} then after amplifying TZa by a snfficiently 
large nnmber we may assnme TZr C for some t > 1. Bnt this contradicts 5.8. □ 

Proof of Corollary 5.10. By ([P2]) we have D with eqnality whenever F is of 

the reqnired form. If TV' = TZa for some free ergodic A-action then = 7Z D T^r, 

where TZr is the eqnivalence relation given by the Bernonlli F-action F rv X = Xq . 
Thns, if we can show that any hnite F-invariant snbeqnivalence relation 7^' C 7^ is 
inclnded into TZr then the rest of the statement follows from Corollary 5.9. With 
the notations in Sec. 1.4, let M = L{TZ) be the von Nenmann algebra of TZ with 
Ug G M, 5 f G F, the canonical nnitaries implementing F rA W. Then TZ' F-invariant 
is eqnivalent to i? = L{TZ') being Adw^-invariant, g F. Note that A = L°°X 
is contained in L{TZ') and TZ' is hnite iff there exist hnitely many partial isometries 
{vi}i G B normalizing A and snch that EA{v*Vj) = 0 for f 7 ^ j, i? = If we 

denote N = L(7^r) = AV {ug}g, this also implies that TTo = EiViN is a N-bimodnle. If 
TZ' (f T^-r, then there exists i snch that vi ^ N. It follows that there exists a projection 
0 7 ^ g G Av*Vi snch that Viq = wuh G B, for some h G F and w G L{TZq) normalizing A 
with Ea{w) = 0. Bnt the action crg{x) = UgXU*, x G L{TZo), (7 G F, is mixing (see e.g. 
2.4.3 in [FI], or 1.6.2 in [P2]). Thns, Vh > 0, 3(7 G F snch that \\EAf{crg{w*)vj )\\2 < (j, 
Vj. Since w — Viqu* G TTo and d is arbitrary, this shows that w = 0, contradiction. □ 

Proof of Proposition 5.11. For each 77 G F, h G A, we denote X’f = {t G W | w{t,g) = 

h}. By the dehnition of w it follows that for each (7 G F, {X^}h gives a (a.e.) partition 

of X into measnrable snbsets. Also, if a is free, then both in the case A is an embedding 

or local OF, the sets {Xff\g are disjoint. Indeed, this is becanse in both cases the map 

/ 

A is 1 to 1 on (lU-almost) each orbit of T^^-, so that if t G A® fl A® then = 

h~^X{t) = X{g' ^t), implying that g~^t = g' thns g = g' hy the freeness of a. 
Denote ^ L°°X. 

We begin by re-writing the eqnivalence of the A-valned cocycles w, d for the F-action 
a in von Nenmann algebra framework, by nsing the “dictionary” in Section 2. Thns, 
we view A as the (discrete) gronp of canonical nnitaries {v^ | h G A} of the gronp 
von Nenmann algebra LA associated with A and Wg = w{-,g) G A^ C X®LK. 
Conseqnently, Wg = ® n® and v = Ehqh ® Note that Ehqh = P and EhP^ = 

p, \/g G F. 

If we still denote by a the action of F on L°°X®Lr given by ag ®id, g G F, then the 
cocycle relation for w becomes Wg^ag^ ('n^c/ 2 ) = '^31325 92 ^ F. Also, the eqnivalence 

re ~ h given by v becomes 


Wgag{v) = v{l ® ^ G F, 
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which in turn translates into the identities: 

(5.11.1) EhPlag{qh-ik) = QkSig )-^, V/c G A, ^ G T. 

We hrst prove that the set of conditions (5.11.1) is equivalent to the following inter¬ 
twining relation, viewed in P when A is an embedding, respectively in when A is 
a local OE: 


(5.11.2) Ugb = bvs(g),g eV. 

By using the dehnitions and the fact that p^^Vh = Ph^g^ (cf. 1.4), we get in P (resp. in 
M^) the equalities 

(5.11.3) Ugb = {T,h^pl^Vhi){T,h2Qh2Vh2) 

= ^hi,h2Ph,<^gi(lh2)vhih2 = ^k{^hPh<^g{qh-^k))vk 

and also 

(5.11.4) bvs{g) = T,kqkS{g)-iVk. 

Thus, (5.11.2) holds true if and only if we have the identities 

(5.11.5) ^hPlcrg{qh-ik) = Qk5{g)-^ , V/c G A, fir G T, 

which are exactly the same as conditions (5.11.1). We have thus shown that b inter¬ 
twines the representations {ug}g, {vs{g)}g of T, i.e. Ugb = bvs(^g), 'ig G T. In particular, 
bb* commutes with {ug}g and b*b commutes with To see from this that ker{5) 

is hnite note that for each g G ker{d) < T we have Ugb = bve = b, hence UgS — s, where 
s is the support projection of bb*. This shows that the left regular representation of 
ker((j) contains the trivial representation of ker{d), implying that ker{d) is hnite (see 
e.g. [D]). 

Note now that if q' E B (resp. q' G A^) is a projection hxed by {1^5(3) | (7 G T} 
then bq' = TihqhOh{q')vh is still an intertwiner between {ug}g and {vs{g)}g- Thus 
[bq'b*,Ug] = 0, [q'b*bq' ,vs{g)] = 0 , \/g E T. Since Ug,Vh normalize B (resp. A""), this 
implies that for all (7 G T we have 


[EhqhOhiq'):Ug] = [EBibb*),Ug] = 0 , 
[^hOh-^{qh)q\vs(g)] = [EB{b*b),vs(g)] = 0 , 
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in the embedding case, and 

\TjhqhOh{q'),Ug\ = [EA"( 66 *),'Ug] = 0 , 

[T.h0h-^{qh)q ,vs{g)\ = [Ea-( 6*6),^^(g)] = 0, 

in the local OE case, where we have still denoted (and will do so hereafter) by 9h the 
antomorphism Ad(n/i) = 6'^ on for simplicity. 

Applying this to non-zero spectral projections q' of (g/i), by the ergodicity 

of ag = Ad('Ug ),(7 e r, on A it follows that Tihqh9h{q') is eqnal to p = Xx- Thns 
qh < (^hiq')j or eqnivalently 9h-i{qh) < q', for all h E A. Snmming np over h E A 
it follows that the snpport projection q of Tih9h-'^{qh) is majorized by q'. This shows 
h*h = Tih9h-^{qh) = cq for some scalar c, necessarily an integer with c = T{j>)/T{q). 
Thns, is a partial isometry with right snpport q E A^. On the other hand, 

taking in the above q' to be a projection in Bq (resp. in A^q) hxed by {^^(g) | (7 G T}, 
this also shows that q' = q, i.e. {'f 5 (g)}g mnst act ergodically on Bq (resp. A'^q). 

Let ns hrst hnalize the proof of case A is a local OE, i.e. when D P, A^ D B. 
In this case, a weak mixing on L°°X = A = A^p implies that {ug}g fl M is contained 
in the center of the gronp von Nenmann algebra LT = {ugYg C M, so in particnlar the 
projection e — c~^bb* lies in Z{Lr). Thns, UgC vs(g)q is an eqnivalence between the 
left regnlar representations of r//cer(h) and h(r) = Aq (with respect to the identihcation 
of these two gronps implemented by h), spatially implemented by 

Noticing that all the coefficients of bb* = 'Ehi'^iqhi9hiqi))vh are projections, it follows 
that if we denote K = ker(h) then c = |Ar|, b = 'EkeKUk and e = \K\~^EkeKUk- 
Moreover, since qM'^q = A^qy {vuq \ h E Aq}, we have qvuq = 0, Vh G A\Ao implying 
that Aq = 5(r) has index [A : Aq] = n = T{q)~^. 

Assnme now that A is an embedding, i.e. C P, A^ = B. Let 2 = EM{bb*) E M 
and s the snpport projection of z. Since bb* commntes with {wglg, it follows that 
z G LT' n M = Z{LV) (becanse a is weak mixing on A). Since {vh | h G Aq} is in 
its standard representation on q'(L^(LAo)) — Y^Aq and the isomorphism UgS 1 —> vs(g)q 
is spatially implemented, it follows that 2 ; mnst be a mnltiple of s which in tnrn mnst 
eqnal a minimal projection in the algebra generated by Ug, g E K = ker{d), lying in the 
center of this algebra. On the other hand, since bb* = Eh(Eiqhi9h{qi))vh and {9h{qi)}i 
are mntnally orthogonal, it follows that the Fonrier coefficients ah of bb* = EhtthVh 
are projections. Using that {Ph}h are mntnally orthogonal, this implies the Fonrier 
coefficients of z = EMibb*) in {ug}g are projections as well. This shows that we mnst 
have 2 ; = EkeKUk- 

On the other hand, by the form of b we have Ab D bA and b*Ab = Aq, thns 
bb*Abb* C Abb* implying that the snpport projection e of bb* implements a r^- 
preserving conditional expectation Eq of A onto a snbalgebra Aq C A by Eo{a) = 
TM{e)~^EA{eae),a E A. Thns, if we denote by /C C TZ^° the snb-eqnivalence relation 
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implemented by the partial isometries auvu then K, contains Tlcr{K), = L°°{X/IC), 
all orbits of /C have m points (/U-a.e.), m = and by the dehnitions a intertwines 

the restriction of the F/itT-action implemented by a on Aq = with the Aq = h(r) 
action implemented by ^|Ao on = Bq. The last part of the statement is now trivial. 

□ 


6. Final remarks 

6.1. Proposition 5.11 shows that all OE rigidity results 5.6-5 .8 hold in fact true without 
the assumption that the source group F has no hnite normal subgroups, provided we 
replace “conjugate” by “virtual conjugate” (in the sense of [Ful,2]) in the conclusions. 
Moreover, if we are only interested in getting a “virtual conjugacy” conclusion, then 
by 5.11 we do not need the assumption any V-invariant finite subequivalence relation 
of TZq is contained in 71^ in the statement of Superrigidity of Embeddings 5.8. On 
the other hand, note that in order to get a “conjugacy” conclusion in 5.8, the above 
condition is unavoidable, as shown by the following example: Let A = F x Kq, with 
Kq a hnite group, and A X a free action. Let A (X/Ko X Ko) be the 
product of the action F r\ XjK^ implemented by Q' and the action of Kq on itself by 
left translation. It is trivial to see that 9, 9' are orbit equivalent. If a = then the 
inclusion F C F x Kq = A implements an emebedding of equivalence relation TZcr C TZ^t. 
Thus IZa C 7Zq . However, if F is w-rigid, Kq 1 and o is say a Bernoulli F-action, 
then it is easy to see that a cannot be conjugate to the restriction of 6 * to a subgroup 
Ao of F X Kq. 

6.2. One can obtain a cocycle superrigidity result similar to 5.2 in which all assump¬ 

tions are the same except that “s-malleable” is replaced by the weaker assumption 
“malleable” (as dehned in the hrst part of 4.3), but where the target group is in the 
smaller class of Polish groups of finite type /, he. Polish groups that can be 

embedded as closed subgroups of the unitary groups of hnite type I von Neumann al¬ 
gebras (e.g. compact groups, or residually hnite discrete groups). Moreover, the same 
is true if a is merely sub-malleable, i.e. if it can be extended to a malleable action with 
the relative weak mixing condition satished. The proof of this fact is simpler than that 
of Theorem 5.2, closely mimicking proofs in ([PI], [PSa]). 

6.3. Alex Furman noticed in ([Fu4]) that Gaussian actions (see e.g. [CCJJV] for the 
dehnition) are also s-malleable. The proof is the same as the proof of s-malleability 
of their non-commutative version, the Bogoliubov actions in (1.6.3 of [P2]). Gaussian 
actions are weak mixing whenever they come from orthogonal representations with 
no hnite dimensional invariant subspaces. It would be interesting to produce more 
examples of malleable actions, or more generally of quotients of malleable actions. 
It seems to us that the action obtained by taking a group embedding F C ^ into a 
compact (Lie) group Q with T = Q and letting F act on Q with its Haar measure by 
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(left) translation (page 1085 in [Fn2]) stionld be a (qnotient of) malleable action. Bnt 
being compact, these actions are not weak mixing. 

6.4. As already pointed ont in ([P4]), if a is a Bernonlli action of an infinite Kazhdan 
gronp r on the probability space {X,fx) and K C Ant(X,//) is a hnite abelian gronp 
commnting with cr(r) then the “qnotient action” of F on XjK implemented by a is 
free mixing bnt not snb malleable, in the sense of 6.2 above. Indeed, by ([P4]) we have 
H^(a‘^) = Hom(F x AT, T) while if wonld be snb malleable then by ([P4], [PSa]) 
we wonld have H^(ct^) = Hom(F, T). This is a contradiction, since for K non-trivial 
Hom(F X AT, T) = Hom(F, T) x AT has more elements than the (hnite) gronp Hom(F, T). 

Another class of actions that are not snb malleable are the rigid actions, as dehned 
in (5.10.1 of [P5]). The prototype snch action is obtained by taking a rigid inclnsion 
of gronps of the form C x F (e.g. n = 2 and F C SL{2, Z) non-amenable), and 
letting a be the action of F on = Z"^ indnced by the action of F on Z"^. In fact, it it 
can be easily shown nsing same argnments as in (Sec. 6 of [P3]) that F rv cannot 
be realized as a qnotient of a malleable action. 

6.5. It wonld be interesting to have an abstract characterization of the Polish gronps 

of hnite type. Note in this respect that any snch gronp V is isomorphic to a close 
snbgronp of the nnitary gronp of a (separable) Hilbert space and admits a complete 
metric which is both left and right invariant. Are these conditions snfhcient to insnre 
that V G As far as “classic” gronps are concerned, it is interesting to recall 

an old resnlt of Kadison and Singer ([KaSi]; see also [Dl]), improving on an earlier 
resnlt of von Nenmann and Segal ([vNS]), showing that if a connected locally compact 
gronp G can be faithfnlly represented into the nnitary gronp of a hnite von Nenmann 
algebra then G = K x H where K is connected compact and H is a, vector gronp (I 
am gratefnl to Dick Kadison and Raja Varadarajan for pointing ont to me this resnlt). 
Thns, by Proposition 3.5, any Polish gronp that contains the homeomorphic image 
of a connected locally compact gronp G which is not of this form is not in the class 
‘^fin either. Thns, the class Ufin of “target gronps” in onr cocycle snperrigidity resnlts 
5.2/5.3 is essentially disjoint from linear algebraic gronps, which are the target gronps 
in Zimmer’s cocycle snperrigidity ([Zl,2]). As pointed ont by Alex Fnrman, the fact 
that G = GL(n) and other linear algebraic gronps are not in ^fin follows also as a 
combination of Zimmer’s resnlt and the “hereditary principle” 3.5. 

6.6. In its general form, the cocycle snperrigidity resnlt 5.2 shows that any cocycle 
for a diagonal prodnct F-action a x p, with F baring some mild rigidity (of Kazhdan- 
type) and a some malleability property, is “absorbed” by the p action. The validity 
of snch “principle” to sitnations more general than the ones covered by 5.2 may lead 
to farther applications, notably to the calcnlation of the Feldman-Moore higher coho¬ 
mology gronps H"^(7^o-),n > 2, of snch F-actions a (see [FM] for the dehnition of H"^). 
In this respect, we expect that gronp actions satisfying condition 5.6.1 shonld satisfy 
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H^(7^cr) = H^(r) (T-valued 2-cocycles for F). In this same vein, it wonld be of great 
interest to extend the class of target gronps V covered by the Cocycle Snperrigidity 
5.2, 5.3 from ^fin to a larger class. It seems reasonable to believe that snch larger 
class may inclnde all Polish snbgronps of the nnitary gronp U{TL) on Hilbert space, in 
particular all separable locally compact groups. In other words, the following may hold 
true: If F has an infinite w-normal rigid subgroup H and T r\ X is s-malleable and 
weak mixing on H then any V-valued cocycle for a, with V C UiTL) a closed subgroup, 
is cohomologous to a group morphism o/F into V. 

6.7. It would be extremely interesting to characterize the class CS of groups F for 
which any s-malleable weak mixing F-action F X (e.g. F r\ [0,1]^) is W/i„-cocycle 
superrigid, i.e. for which any measurable V-valued cocycle over a is cohomologous 
to a group morphism of F into V, for any V G Ufin- The class CS should be much 
larger than the class of groups considered in this paper. It cannot, of course, contain 
the free groups (see e.g. Sec. 3 in [P4]), but may contain all non-amenable groups of 
the form F = Fq x Fi with both F^ inhnite, thus relating with the rigidity results of 
Monod-Shalom ([MoShl,2]) and Hjorth-Kechris ([HjKe]). 

6.8. Let be a countable (at most) family of groups such that each F^ has a 

wq-normal rigid subgroup Hi C F^. Denote F = *iFi the free product of the groups F^. 
As pointed out in ([P4]), if |/| >2 then F does not have any wq-normal rigid subgroup. 
Nevertheless, the following version of cocycle snperrigidity does hold true for these free 
product groups: Let a be an action of F on the standard probability space {X, pi) and 
V G '^/m- Assume that for each i & I, a\Yi is s-malleable and either mixing or weak 
mixing with Hi w-normal in Fj. If rc : X x F — V is a measurable cocycle for a then 
there exist group morphisms hj : F^ —V and measurable maps Vi : X ^ V such that 
Wg = v*'yi{g)ag{vi), V (7 G Fj, Vt G /. When combined with Proposition 5.11, this can 
be used to obtain an OE rigidity result of Bass-Serre type, in the spirit of results in 
dlPeP]). 

6.9. If one restricts the proofs in Sec. 2-4, leading to the proof of the Cocycle Super¬ 
rigidity 5.2/5.3, to the case the groups act on commutative algebras, then the arguments 
can be easily translated into measure theoretical terms. We opted for a von Neumann 
algebra presentation because the ideas behind the proofs are so much “von Neumann 
algebra” in spirit and because of the non-commutative generalizations it allows (e.g. 
5.5). Another reason was that we needed this setting for Proposition 5.11, which we 
proved using von Neumann algebra analysis. In this respect, we mention that shortly 
after the initial version of this paper was circulated, Stefaan Vaes in ([V]) and then 
Alex Furman ([Fu4]) were able to give alternative, genuine measure theory proof to 
the “OE case” of 5.11, using 3.3 in [Fu2]. Their expository notes also contain measure 
theoretical presentations of our proof of 5.2. 

On the other hand, note that we only used the Cocycle Snperrigidity 5.2 towards 
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establishing rigidity results for embeddings and local OE of actions. It should be 
possible to derive from 5.2 rigidity results for arbitrary morphisms (as dehned in 1.4.2) 
between equivalence relations implemented by free m.p. actions. Such morphisms 
still give rise to cocycles, which by 5.2 can be untwisted whenever the source action 
satishes 5.6.1. But it is not clear how to interpret the “untwister” as some kind of 
“generalized conjugator” in this generality. In fact, one needs to hrst understand 
what rigidity conclusion one seeks to derive for arbitrary morphisms between these 
equivalence relations. The following type of morphisms, generalizing both local OE 
and embeddings, could be easier to analize: If E r\ X, A r\ Y are free ergodic m.p. 
actions, then a morphism A : (A, fi) (Y, u) between is a local embedding if it 

is 1 to 1 (but not necessarily onto) on ^u-almost every E-orbit. The “ideal” superrigidity 
statement for a local embedding A should generalize both 5.7, 5.8. It should (roughly) 
show that there exist Aq C A and a G [E], /3 G [A] such that the A-pull back of (3Aq(3~^ 
is conjugate to a quotient of ctEa"^. 

6.10. Several applications of the Cocycle Superrigidity 5.2/5.3 have been obtained 
since the initial circulation of this paper in Dec. 2005. This includes Theorem 5.7 
(solving 5.7.2° in [P2]) and Corollary 5.10 in the present version of the paper, and a 
result by Stefaan Vaes and the author showing that if E rv A satishes 5.6.1, K r\ X 
is a compact action commuting with it and so that E r\ X/K is still free, then E r\ 
X/K is OE superrigid ([PV]). Also, Alex Furman used 5.2 to show that if E, A are 
lattices in a higher rank semisimple Lie group Q then the action T r\ Q/A cannot be 
realized as a quotient of a Bernoulli E-action, more generally of a s-malleable weak 
mixing action ([Fu4]). This solves a problem posed in ([P3], see comments after 7.7) 
and shows that the case E higher rank lattice of the OE Superrigidity 5.6 is already 
covered by the OE Superrigidity in ([Fu2]). Finally, Simon Thomas in ([T]) used 
the Cocycle Superrigidity 5.2 to answer some open problems in descriptive set theory 
(Borel equivalence relations), showing for instance that the universal countable Borel 
equivalence relation E^o cannot be implemented by a free action of a countable group 
(see [JaKeL] for dehnitions). 
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